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Abstract. We consider a stochastic system of N particles, usually called vortices in that setting, 
approximating the 2D Navier-Stokes equation written in vorticity. Assuming that the initial 
distribution of the position and circulation of the vortices has finite (partial) entropy and a finite 
moment of positive order, we show that the empirical measure of the particle system converges in 
law to the unique (under suitable a priori estimates) solution of the 2D Navier-Stokes equation. 
We actually prove a slightly stronger result : the propagation of chaos of the stochastic paths 
towards the solution of the expected nonlinear stochastic differential equation. Moreover, the 
convergence holds in a strong sense, usually called entropic (there is no loss of entropy in the 
limit). The result holds without restriction (but positivity) on the viscosity parameter. 

The main difficulty is the presence of the singular Biot-Savart kernel in the equation. To 
overcome this problem, we use the dissipation of entropy which provides some (uniform in N) 
bound on the Fisher information of the particle system, and then use extensively that bound 
together with classical and new properties of the Fisher information. 



1. Introduction 

The subject of this paper is the convergence of a stochastic vortices system to the 2D Navier- 
Stokes equation written in vorticity without restriction (but positivity) on the viscosity parameter. 

The particle system. We consider a system of N vortices labeled by an index 1 < i < N, each one 
being fully described by its position G M. 2 and its circulation jj-Mf G K which measures the 
"strength" of the vortices. We use what is called a mean-field scaling : the factor is there in order 
to keep the global circulation (or also total vorticity) bounded. The case > corresponds to 
a vortex which turns round in the direct (trigonometric) sense while the case M.f < corresponds 
to a vortex which turns in the reverse sense. We assume that the system evolves stochastically 
according to the following system of R 2 -valued S.D.E.s on the vortices positions 

(1.1) Vi = l t ...,N, Xf(t)=K N (0) + ^J2 M f J t K(Xf(s)-X J N (s))ds + aB i (t), 

where ((Hj(t))t>o)i=i,...,iV stands for an independent family of 2D standard Brownian motions, 
a > is a parameter linked to the viscosity and K : M 2 — > R 2 is the Biot-Savart kernel defined by 

V* = ( Xl ,x 2 ) G M 2 , K{x) = ^ = (-^, |^) = V x log \x\, 

It is worth emphasizing that we assume here that any vortex keeps its initial circulation, so that 
the Ai^ are time- independent and act like fixed parameters in (jl.ip . Each vortex's position moves 
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randomly according to a Brownian noise as well as detcrministically according to a vector field 
generated by all the other vortices through the Biot-Savart kernel. The singularity of K makes 
difficult the study of the particle system (|f .f I) . However, Osada [12] and others have shown that 
the particles a.s. never encounter, so that the singularity of K is a.s. never visited and ()1 .11) is 
well-posed. See Theorem 12. 101 and Section |2~51 below for more details. 

The vorticity equation. As is now well-known, the dynamics of such models is linked to the 
2D Navier-Stokes equation written in vorticity formulation which will be called later the vorticity 
equation with a viscosity v = cr 2 /2 

(1.2) d t w t (x) = (K*w t )(x) ■ V x w t (x) + i/A x w t (x), 

where w : R+ x R 2 — > R is the vorticity function and the initial vorticity wq : R 2 — > R is given. It 
is worth emphasizing again that we do not assume here that w is non-negative and this is of course 
related to the fact that the circulations in the ./V-vortex system may be positive and negative. 
There is a huge literature on that model. Our analysis will be based on the well-posedness of (11.21) 
in a L 1 -framework as developed in Ben-Artzi in [5] and slightly improved in [7J. We also refer to 
Gallaghcr-Gallay [20] and the references therein for more recent well-posedness results. 

Origin of the model. The deterministic iV-particle system (with a = 0) was originally introduced 
by Hclmholtz in 1858 [22] and later studied by Kirchhoff [2B] and many others. It is sometimes 
quoted as the Helmholtz-Kirchhoff (HK in short) system. In the non-viscous case a = 0, the 
empirical measure associated to the finite particle system (|1.1[) solves exactly the non viscous 
vorticity equation (i.e. (|1.2|) with a = 0) if the self interaction is neglected. This is not the 
case when a > 0, where the Navier-Stokes equation is expected to be solved only in the limit 
TV —> oo. Thus for a fixed N, addition of noise on the position of the vortices as in (jl.ip is not the 
most relevant idea. Physicists prefer to introduce damped vortices, known as Oseen vortices. The 
dynamics of Oseen vortices is still driven by the a variant of the deterministic HK system, where K 
now varies with time, in order to take into account the dissipation. Both systems (vortices driven 
by (jl.ip or Oseen vortices) are interesting because they approximate the dynamics of real vortices, 
that appear, for instance, in geostrophic or atmospheric flows, and are remarkably stable. See the 
works of Marchioro [32] and Gallay [21] for a justification of the approximation, and the one of 
Gallay- Wayne [22] for a precise mathematical result on the stability of Oseen vortices. 

Interest of the limit in large number of vortices. Later, Onsager [40] was the first to 
see the interest of the statistical properties of the N vortices system to distinguish which among 
the numerous stationary solutions of the vorticity equation are physically relevant. His heuristic 
ideas where made more rigorous by Caglioti, Lions, Marchioro and Pulvirenti in [pj. After that, 
the question of the convergence of the HK model towards Euler and Navier-Stokes equations was 
studied by several authors. In the deterministic case Schochet [17J proved the convergence towards 
solutions of the Euler equation. But since such solutions seem to be numerous under weak a priori 
conditions, his results does not implies propagation of chaos. 

As mentioned before, the stochastic model (|1.1[) becomes much more relevant when N is large. 
However, in that case the use of independent noise on each vortex is not motivated by the underlying 
physics. Since vortices are not real particles but rather small structures appearing in fluid models, 
a noise acting on them should depend on their relative positions: the noise of two close vortices 
should be quite correlated. We refer to the work of Flandoli, Gubinclli and Priola [183 f° r such 
more realistic models with a fixed number of vortices. But that kind of noise is much more difficult 
to handle in the limit of large number of vortices. Thus in the sequel, we will use independent 
Brownian motion, despite this shortcoming. 



PROPAGATION OF CHAOS FOR THE 2D VISCOUS VORTEX MODEL. 



3 



A second interest of the stochastic vortices system is that it may be seen as a companion model 
for stochastic particle systems with positions and velocities, interacting trough a two-body force 
and with velocities excited by independent brownian motions. The case of a smooth interaction 
force has been extensively studied since the work of McKean |35j , but there is only few references 
in the case of singular interactions. Rather strangely, the deterministic case is better known since 
there exist some convergence results for not too singular interaction without cut-off |23j . However, 
we do not know any result valid for singular interaction in the stochastic case. In fact such models 
seem tougher than the vortices one, since the diffusion does not act on the full position-velocity 
variables. 

Main result. In order to connect the sequence of solutions Zf = {M.\, X±{t), M. at, X$(t)), 
to the random particle system fll.l[) with a solution to the vorticity equation (|1.2[) , we introduce 
the vorticity empirical measure 

1 - 

W t N (dx) :=xJ2 M ? 5 x»{t){dx) 
i=i 

which a.s. takes values in the space of bounded measures on R 2 , as well as the typical vorticity 
defined from the law of {M-i , X^ (t)) in the following way 

w?(t,x) := J m^(Mf,Xf(t))(dm,x). 

Then, under suitable (chaos) hypothesis on the initial conditions Z$ we shall show that for any 
positive time 

(1.3) =*> w t in law as N -> oo, 

(1.4) Wi(t)->w t strongly in L 1 (R 2 ) as iV — s- oo, 

where w is the unique solution to the vorticity equation (|1.2[) with appropriate initial datum wq. 

In the other way round and in particular, for any initial (Lebesguc measurable) vorticity function 
wq ■ R 2 — > R satisfying 

(1.5) / \w \ (1 + |a;| fe + | logroll) dx < oo, for some k £ (0, 2), 

JR 2 

we can build a sequence of initial conditions Z$ and then define the family of solutions Z^ to 
the iV-particle vortex system (|1.1[) so that the vorticity empirical measure and the typical 
vorticity w±{t) converge to the solution Wt as stated in (| 1 . 3[) and (|1.4p . where w is the unique 
solution to the vorticity equation (|1.2[) with initial datum Wq . 

The construction of the initial conditions is not very elaborated, but requires some notation 
that will be introduced in Section^ Let us just mention that in the case of a non- negative initial 
vorticity, we can assume up to some scaling that uiq is a probability, and then the choice M.f = 1 
for any 1 < i < N and (A'/ v (0))i<i<jv i-i-d. with law ujq will do the job. 

Chaos and limit trajectories. The solution w of the vorticity equation is thus obtained as the 
limit in a kind of law of large numbers from the iV-vortex system. However, the picture is not that 
simple. 

It is indeed rather reasonable to assume that the initial positions and circulations of the vor- 
tices are (at least asymptotically) independent. Then, as time passes, vortices interact and that 
create correlations so that vortices are never any longer independent. We may expect that these 
correlations vanish asymptotically because the interactions between pairs of vortices in (|1.1[) tends 
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to zero. For a smooth (say Lipschitz) interaction force field K , such a result is well-known since 
the pioneer work by McKean |35j . and it is related to the notions of "chaos" and "propagation of 
chaos" as introduced by Kac in [27j. Here, the Biot-Savard force field kernel is singular which leads 
to additional mathematical difficulties. Nevertheless, we are able to handle them and we prove 
that still for the Biot-Savard kernel correlations vanish asymptotically. 

We establish this asymptotic independence and the convergence (|1.3p as a consequence of a 
stronger "trajectorial chaos" that we briefly describe now. The method we follow is closely related 
to the strategy introduced by Sznitman in |49| which consists in showing that the sequence of 
empirical trajectories /i* N converges to some stochastic process which is a solution to a nonlinear 
martingale problem. 

Let us first notice that if we accept that correlations asymptotically disappear, then the tra- 
jectories (and circulations) (A^f , (X^ {t))t>o)i<N of the vortices must behave asymptotically like 
N independent copies of the same process, (Ai, (X(t))t>o, solution to the nonlinear stochastic 
differential equation 



where w t {dx) = f MxB mgt(dm,dx) with g t = C(M,X(t)). It is important to stress that w t solves 
necessarily the vorticity equation p. 21) if (Ai, (X(t))t>o is a solution to (|1.6I) . 

As a matter of fact, we will prove that under appropriate hypothesis on the initial law C(Z^) 
(which includes chaos type assumption and bound on the entropy and on some moment), the 
N- vorticity system enjoys a chaos property at the level of the trajectories, namely, 



where g is the law of the nonlinear process (Ai, (X(t)) t >o defined in p. 61) . This convergence at 
the level of trajectories implies (|1.3[) . Moreover, using a trick introduced in |38j which consists in 
carefully estimating what happens for the dissipation of the entropy, we deduce (11.41) . 

An overview of the proof. Let us briefly describe our method, which relies on compact- 
ness/consistency/uniqueness as in Sznitman in |49j who was studying the homogeneous Boltzmann 
equation. As already mentioned, the main difficulty comes from the fact that the kernel K is sin- 
gular so that the drift in (|1.1[) may be very large when two particles are very close. Using standard 
dissipation of entropy estimates, we obtain uniform bounds on the Fisher information of the time 
marginal of the law (of the positions) of the N vortices. These uniform bounds provide enough 
regularity to 

(1) prove that close encounters of particles are rare, from which we deduce the tightness of 
the law of the trajectories of the N vortices system (compactness), 

(2) prove that the possible limit are made of solutions of the nonlinear SDE (consistency), 
which satisfies some appropriate additional a priori bounds, 

(3) prove the uniqueness of the above limit stochastic process. 

We may also remark that for the two first points (tightness and consistency), the singularity of 
the kernel in l/|x| is not the critical one. Everything would work for divergence free kernels with 
singularity behaving like l/|x| a , with a £ (0,2). But, it is critical for the question of uniqueness 
of the limit stochastic process and the Navier-Stokes equation. 



(1.6) 




(1.7) 




i=l 
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We also emphasize the following important point. In order to get enough a priori bounds on 
the possible limit, we use a new result: the fact that the Fisher information (properly rescaled) 
can only decrease when we perform the many-particle limit. This is a consequence of the fact that 
the (so called) level 3 Fisher information is linear on mixed states. That property, known from 
the work of Robinson and Ruelle for the entropy [3FJ was proved for the Fisher information by the 
two last authors in [23], with the help of the first author. The precise result is properly stated and 
explained in Section |3] 

We can also remark that our method is interesting only in low dimension (of space). The 
extensive use of the Fisher information is very interesting in this case, since it provides rather 
strong regularity. But, if we increase the dimension, the regularity obtained from the Fisher 
information gets weaker and weaker and we will not be able to treat interesting singularities. As 
a matter of fact, it can be checked that our method is valid for a divergence free kernel, with a 
singularity at most like l/\x\ (included) near in any dimension d. Again, the limitation will come 
from the uniqueness part, the tightness and consistency will also hold for singularity up to l/|cc| 2 , 
not included. 

Already known results. If we replace the singular kernel A by a regularized one K e , the result 
of propagation of chaos is well-known. The more standard strategy is due to McKcan [35J and 
applies when the interaction is Lipschitz. It relies on a coupling argument between the solution of 
the A-vortices stochastic system and A independent copies of the solution of the nonlinear SDE. 
But since the result gives a quantitative estimate of convergence, an optimization may lead to a 
similar result valid for a regularization parameter e going to with A. That approach or some 
variants was performed by Marchioro and Pulvirenti in |33] , for bounded initial vorticity. For that 
regularity on the initial condition, there is a good well-posedncss theory even in the non-viscous 
case, so that their method also applies if v = 0. The drawback is that the speed of convergence of 
the regularization parameter is very slow : e(A) ~ log(A) -1 . See also Meleard [37] for a similar 
result for more general initial data. 

It is worth emphasizing that the convergences (jl.3|) . (jl.4p . (|1.7|) are proved without any rate. 
This is a consequence of the compactness method we use. In particular, we were not able to 
implement the coupling method popularized by Sznitman [50] and revisited by Malrieu [3T], see 
also [3] and the references therein for recent developments, nor the quantitative Grunbaum's duality 
method elaborated in [55] , 

In a series of papers, Osada proves the convergence of the particle system to the vorticity 
equation (|1.2p : the case of a large viscosity is studied in [33] and the case of any positive viscosity 
is discussed in [31]. In this last paper, the pathwise convergence is not obtained (while it is checked 
in [44] when a is large enough) . His strategy relies strongly on a deep result obtained by himself in 
[41j : estimates a la Nash for convection-diffusion equation, with divergence free and very singular 
drift. This last result is also a key argument in most works about existence and uniqueness for the 
2D Navier-Stokes equation, with the exception of the work of Ben-Artzi [3] that we use here. 

Let us finally mention the result of Cepa and Lepingle |12] about Coulomb gas models in 
dimension one. Their models are very similar to ours, but their singularity is repulsive and strong 
since it behaves like l/\x\ (far above the singularity of the Coulomb law since we are in dimension 
one). However, their technics are limited to dimension one. 

The present paper improves on preceding results in several directions. It does not require that 
the viscosity coefficient is large as in Osada [33] , nor to cutoff the interaction kernel in the particle 
system as in |33j or [37j . Moreover, in the two above mentioned previous works of Osada, the 



() 



NICOLAS FOURNIER, MAXIME HAURAY, STEPHANE MISCHLER 



convergence (|1.4[) was only established in the weak sense (of measures) and only for non-negative 
vorticity. Moreover, the results of Osada basically apply when wq G L°° , while we allow any 
wo G L^R 2 ) with a finite entropy and moment of positive order. Last but not least, our proof 
seems simpler than the one of Osada in [43], which uses very technical estimates. 

The case of bounded domains. In the case of general bounded domains Jl with boundaries, the 
problem is more delicate. The first difficulty is that the vorticity formulation of the Navier-Stokes 
equation does not behave well with the boundaries conditions. In fact, vorticity is created at the 
boundary. However, it is still possible to imagine branching processes of interacting particles that 
will take the possible creation and annihilation of vortices at the boundary, as is done by Benachour, 
Roynette and Vallois in [2J, but the analysis of such systems seems much more difficult. 

However, if we move to some periodic and bounded setting, SI = T 2 , then our results will apply 
with small modifications. All we have to do is to replace the Biot-Savard K by its periodization 

x 1 - 

M 

where 1700 is some C°° function. The singularity is exactly the same, and the addition of a smooth 
function in the kernel does not raise any difficulty. As a consequence, our result will apply to 
that case with the appropriate modifications. 



2. Statement of the main results 

2.1. Notation. For any Polish space E, we denote by P(E) the set of probability measures on E 
and by M.(E) the set of finite signed measures on E. Both are endowed with the topology of weak 
convergence defined by duality against functions of Cb(E). For N > 2, we denote by P sym (E N ) 
the set of symmetric probability measures F on E N (i.e. such that F is the law of an exchangeable 
S^-valued random variable Q^i, • ■ • , D^v))- 

In the whole paper, when / G M(R d ) has a density, we also denote by / G L 1 (R d ) its density. 

For x G R 2 , we introduce (a;) := (1 + \x\ 2 ) 1/2 . For k G (0, 1] and A > 1 we set 

1 N 

VA = ( Xl , ...,x N ) G (R 2 ) w , (A) fe := 

i=i 

For F G P((R 2 ) Ar ), we define 

M k (F) := [ (X) k F(dX). 

We also introduce 

P t ((l 2 f):={FeP((KT) : M k (F)< 00}. 
For F G P((R 2 ) W ) with a density (and a finite moment of positive order for the entropy), we 
introduce the Boltzmann entropy and the Fisher information of F defined as 

H(F):=±-[ F(X)\og(F(X))dX and 1(F) := i / |V f™ 2 dX. 

If F € P((R 2 ) W ) has no density, we simply put H(F) = +00 and 1(F) = +00. The somewhat 
unusual normalization by 1/N is made in order that for any / G P(R 2 ), 

H(f® N ) = H(f) and I(/ 8Ar ) = /(/). 
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We will often deal here with probability measures on (R x R 2 ) w , representing the circulations 
and positions of N vortices. But the circulations only act like parameters. We thus adapt all 
the previous notation by a simple integration. For G € P((R x R 2 )^), write the disintegration 
G(dM,dX) = R{dM)F M (dX), where R G P(R Ar ) and for each M G R N , F M G P((R 2 ) W ) and 
define partial moment, entropy and Fisher information by 

(2.1) M k (G) := / M k (F M )R{dM)= / (X) k G(dM,dX) 

Jr n J(rxr 2 ) n 



(2.2) H(G) := [ H(F M ) R(dM) 

Jr n 

(2.3) 1(F) := f I(F M ) R(dM). 

JR" 



To understand these objects, let us make a few observations. When G has a density on (R x R 2 )-^, 

J(RxR 2 )™ Lr^AZ,A; 

When G has a finite (classical) entropy, we can write 

H(G) = I G(M, X) log G(M, X)dMdX - [ R(M) log R(M)dM = H(G) - H(R). 

i(RxR 2 ) N il« 

We finally introduce 

P fe ((R x R 2 )^) := {G G P((R x R 2 )^); M k {G) < oo}. 

2.2. Notions of chaos. In this subsection, E will stand for an abstract polish space. 

Definition 2.1 (Chaos for probability measures). A sequence (F N ) of symmetric probability mea- 
sures on E N is said to be f -chaotic, for a probability measure f on E if one of three following 
equivalent conditions is satisfied: 

(i) the sequence of second marginals F^ 1 — ^ f ® f as N — > +oo; 

(ii) for all j > 1, the sequence of j-th marginals Fj — 1 J®- 7 as N — > +oo; 

(Hi) the law F N of the empirical measure (under F N ) converges towards Sf in P(P(i?)) as 
N — > oo. 

This definition translates into an equivalent definition in terms of random variables. 

Definition 2.2 (Chaos for random variables). A sequence (y^ , . . . ,3^) °f exchangeable E-valued 
random variables is said to be y -chaotic for some E-valued random variable y if the sequence of 
laws C(y^ , . . . ,y$) * s C{y)- chaotic, in other words, if one of three following equivalent condition 
is satisfied: 

(i) iy^ i y^) 9 oes * n l aw t° ^ independent copies of y as N — > oo; 

(ii) for all j > 1, (y^ , . . . ,3^0 goes in law to j independent copies of y as N — > oo; 

(Hi) the empirical measures fiy N = jj^2i 5yN G P(E) go in law to the constant C(y) as 
N — > oo. 

We refer for instance to the lecture of Sznitman [50] for the equivalence of the three conditions, 
as well as [24[ Theorem 1.2] where that equivalence is established in a quantitative way. Let us 
only mention that exchangeability is very important in order to understand point (i). 
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Propagation of chaos in the sense of Sznitman holds for a system N exchangeable particles 
evolving in time (for instance the system (jl.ip ) if when the initial conditions (3^(0), . . . , y$(0)) are 
3 ; (0)-chaotic, the trajectories {{y^(t)) t >o, (y$ (*))t>o) are (y(i)) t > -chaotic, where {y(t)) t > 
is the (unique) solution of the expected (one-particle) limit model (here the nonlinear SDE (|1.6[l ). 

Another (stronger) sense of chaos has been developpcd: the cntropic chaos. It goes back to a 
celebrated work of Kac [27] and was formalized recently in [TTJ [24] (see also [24] for a notion of 
Fisher information chaos). 

Definition 2.3 (Entropic chaos). A sequence (F ) of symmetric probability measures on E N is 
said to be entropically f -chaotic, for a probability measure f on E, if 

-> f weakly in P(E) and H(F N ) -> H(f) 

as N — > oo, where F^ stands for the first marginal of F N . 

It is shown in [21] that this is in fact a stronger notion than propagation of chaos. Actually, it is 
known that the entropy can only decrease if a sequence F N is / chaotic: we say that the entropy 
is T-lower semi continuous. With our normalization, it writes 

H(f) < liminf #(F W ). 

N—yoo 

Since the entropy is convex, lim H(F N ) = H(f) is a stronger notion of convergence, which implies 
that for all j > 1, the density of the law of (3^, ■ ■ ■ ,yf) g° cs to J®- 7 strongly in L 1 . 

Here, we will have to modify slightly this notion, replacing the use of H by that of H, since the 
circulations of the vortices only act like parameters. 

2.3. The Navier-Stokes equation. 

Definition 2.4. We say that w = (w t )t>o G C([0, oo), M(1R 2 )) is a weak solution to il.2\) if 



(2.4) VT>0, J I I \K(x-y)\ \w s \(dx) \w s \(dx)ds < oo 
and if for all (f E C b 2 (R 2 ) , all t > 0, 

(2.5) / ip(x)wt(dx) = / <p(x)wo(dx) + III K(x — y) ■\7ip(x)w s (dy)w s (dx)ds 



Aip(x)w s (dx) ds. 

o Jr 2 

We will establish the following extension of [31 EJ which is well adapted to our purpose. 

Theorem 2.5. Assume that wq G L x (R 2 ) satisfies \1.5\) . There exists a unique weak solution w 
to M.ty) such that 

(2.6) V x w g i 29/(39 - 2) (0,T,L«(M 2 )) V«e[l,2), V T > 0. 
This solution furthermore satisfies 

(2.7) w G C([0,oo);i 1 (R 2 )) n C*((0, oo); i°°(R 2 )) 
and 

(2.8) d t 0(w) = (K * w) ■ V x p{w) + uAP(w) - vf3"{w) \Vw\ 2 on [0, oo) x M 2 

in the distributional sense, for any (3 G C 1 (R)nW i 2 ' c 00 (R) such that j3" is piecewise continuous and 
vanishes outside of a compact set. 
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As we will see in the proof of the above result, thanks to the Sobolev embedding and the Hardy- 
Littlewood-Sobolev inequality one can show that for w e C([0, oo), M(R 2 )), (gUJ implies (J2U). 
The proof of (|2.8p is classical. When v — such a result has been proved in [TBI Theorem II. 2] 
while the case v > can be obtained by adapting a result from [151 Section III]. For the sake of 
completeness, we will however sketch the proof of (|2.8|l in Section [71 

2.4. Stochastic paths associated to the Navier-Stokes equation. Since a solution (wt)t>o 
to the vorticity equation (|1.2[) docs not take values in probability measures on R 2 , a few work is 
needed to find some related stochastic paths: roughly, we write the initial vorticity wq as some 
partial information of the law go of circulations and positions of the vortices. 

We consider go € P(R x R 2 ) satisfying, for some A G (0,oo) and some k € (0, 1], 

(2.9) Supp g a d Ax M 2 , A = [-A, A], M k (go) < oo and H(g ) < oo. 
Remark 2.6. (i) Let g G P(K x R 2 ) satisfying fP)) and define w G M(M 2 ) by 

(2.10) VBeB(l 2 ), w (B) = mg (dm,dx). 

JMxB 

Then wq G L 1 (R 2 ) and satisfies il.5\) . 

(ii) For wq G L^R 2 ) satisfy il.5\) . it is possible to find a probability measure go onRx R 2 
satisfying V2. 9\) and such that V2.10\) holds true. 

Proof. We first check (i). First, |u>o|(<ix) < A J K go(dm,dx), so that |tt)o|(M) < A and wo is 
a finite measure. Next, there holds J R2 (x) k \wo\(dx) < A J RxR2 (x) k go(dm,dx) < oo. Finally, to 
prove that |ioo| has a density satisfying L 2 \u>o(x)\\og(\u>o(x)\)dx < oo, it obviously suffices to 
check that n(dx) := J meR go(dm, dx) has a finite entropy, since |iOo| < Ak. We thus disintegrate 
go(dm) = ro(dm)fo l (dx) and use the convexity of the entropy functional to get 

H(k) = H ( [ r (dm)fS l (dx) ] < f r {dm)H{f™) = H(g ) < oo by assumption. 

To verify (ii), write wo = Wq — Wq , for two non- negative functions with disjoint supports Wq 
and Wq , put a := J R2 |iuo(x)|dx and set (for example) 

go{dm 1 dx) = — S a (dm)wQ (x)dx H — S^ a (dm)wQ (x)dx. 

Then (|2.10p holds true and (|2.9[) is easily deduce from ()1.5|) . This is the most simple possibility, 
but many other exist. In general, g may be seen as a Young measure associated to w, and it may 
be of physical interest to introduce Young measures in the context of the Eulcr equation, see for 
instance [5]. □ 

We can now introduce some (stochastic) paths associated to the vorticity equation. 

Definition 2.7. Let go be a probability measure on 1 x i 2 and consider a go -distributed random 
variable (^,^(0)) independent of a 2D-Brownian motion (Bt)t>o- We say that a M. 2 -valued 
process {X(t)) t >o solves the nonlinear SDE (|1.6[) if for all t>0, 

(2.11) X(t)=X(0)+ f [ K(X(s) -x)w s (dx)ds + aB t , 
where wt is the measure on R 2 defined by 

(2.12) V5eB(R 2 ), w t (B)=E[Ml {x{t)eB} }= [ mg t (dm,dx) 

JMxB 
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where gt = C(M.,X(t)), and if (wt)t>a satisfies \2.$ . 

Roughly, M represents the circulation of a typical vortex and {X(t))t>o its path, in an infinite 
vortices system subjected to the vorticity equation. The rigorous link is the following. 

Remark 2.8. For (X(t)) t >o a solution to (|1.6p . {wt)t>o is a weak solution to \1.2]) . 

Proof. This can be checked by an application of the Ito formula: for <p e C 2 (R 2 ), we have 

M(p(X(t)) = M(p(X(0))+ [ [ MWip{X(s))-K(X(s)-x)w s (dx)ds 

Jo Jr 2 

+ 1/ ( MAip(X{s))ds + a [ M\/tp{X{s))dB s , 
Jo Jo 

where we recall that v := a 2 /2. Taking expectations and using that the last term is a martingale 
with mean 0, we find (|2.5p . □ 

We will check the following consequence of Theorem 12.51 

Theorem 2.9. Let go be a probability measure on 1 x R 2 satisfying i2.9\) . There exists a unique 
strong solution (X(t)) t >o to the nonlinear SDE (|1.6|) such that 

(2.13) VT>0, / I{g s )ds <oo, 

Jo 

gt G P(K x M 2 ) being the law of(A4,X(t)). Furthermore, its associated vorticity function (wt)t>o 
satisfies (|2.6[) and (gt)t>o satisfies the entropy equation 

(2.14) H(g t ) + v [ I(g s ) ds = H(g ) Vt > 0. 

Jo 

2.5. The stochastic particle system. As shown by Osada [42] and others, the system (|1.1[) is 
well-posed. 

Theorem 2.10. Consider any family (-Mf\ A' i JV (0))i = i i ... i jv of M x M. 2 -valued random variables, 

independent of a family {Bi{t))i = \ N.t>o °f i-i-d. 2D-Brownian motions and such that a.s., 

; (0) 7^ Xj (0) for all i ^ j . There exists a unique strong solution to U.lJjj . 

Actually, Osada g5] shows that a.s., for all t > 0, alH ^ j, Xf(t) ^ Xf(t). This implies the 
well-posedness of (jl.ip . since the singularity of K is thus a.s. never visited by the system. 

Let us give a few more references. When the circulations Aif 1 are positive, Takanobu proved the 
well-poscdncss of the system using a martingale argument [51] . Osada extended in [32] his results 
to arbitrary vorticitics using estimates a la Nash for fundamental solutions to parabolic equations 
with divergence free drift [41] . More recently, Fontbona and Martinez adapted in QjJ] the technique 
used by Marchioro and Pulvirenti for the deterministic TV vortex models [M] Chapter 4.2] to the 
stochastic case (jl.ip . 

2.6. The result of propagation of chaos. To study the many-particle limit of the vortex system 
(jl.ip . we have to impose some compactness and consistency properties on the initial system. 

Denote by Gq e P((E x IR 2 )^) the law of (M? , X? (0)) i=h ... N . We will assume that there are 
k e (0, 1], A € (0,oo) and g e P(K x M 2 ) supported in A x M 2 , where A = [-A,A], such that, 
setting r (dm) := f x(£R2 g (dm,dx) <E P(-4), 
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(2.15) 



' Gq e P sam ((R x R 2 ) N ) is go-chaotic; 
sup A r> 2 M fc (G v ) < oo, sup JV > 2J ff(G v ) < oo; 
Rq (drrii, . . . , drrifq) := J^ r2 ^n Gq {dm\,dx\, . . . , drriff, dx?{) = r® (dm-i, . . . , dmjv)- 



This last condition asserts that VWf , . . . , are i.i.d. and ro-distributcd. 

Remark 2.11. (i) The typical situation is the following: let go G P(M x I 2 ) satisfy (|2.9[) and 
consider, for N > 2, an i.i.d. family [M.^ ,X i ; (0))i=i jy of go-distributed random variables. 
Then Gq = gf N and fl23g) is met. 

(ii) Consider a family (Adf, <^ i iv (0))j = i i ...jv satisfying \2.15\) with some go € P(R x K 2 ). Then 
go automatically satisfies V2.9\) . so that the nonlinear SDE p. 61) has a unique solution associated 
to go by Theorem \2.9[ Also, Wo defined from go as in V2.10\) satisfies hi. 5)) by Remark \2.b\ (i) . so 
that Theorem \2.5\ implies that il.2\) with Wo as initial condition is well-posed. 

(Hi) Under (j2"T5)) . we have H(G$) < oo for each N>2, whence the law of(Xf(0), ...,X$ (0)) 
has a density on (R 2 )^. In particular, X^(0) ^ X^ (0) a.s. for all N > 2, all i ^ j , so that for 
each N > 2, the particle system (jl.ip is well-posed by Theorem \2.1(A 

Proof. Point (i) is easily checked, using in particular that Mt(Go ) = Mk(go) and H(Gq ) = H(go) 
for all N > 2. For (ii), we just have to check that go satisfies (|2.9[) . But by exchangeability we 
have Mk{Go) = M / t(G v 1 ), where Gq^ denotes the first marginal of Gq . Since Gq ;1 — * go weakly 
in the sense of measures, we get Mk(go) < limnnV Mfc(G v 1 ) < oo. Finally, the T-sci property 
H(go) < liminfAr H(Gq) is more difficult to prove but follows from Theorem 14. 1 1 below. Point (iii) 
is obvious. □ 

Let us now write down the first part of our main result, concerning the paths of the particles. 
Here C([0, oo), R 2 ) is endowed with the topology of uniform convergence on compacts. 

Theorem 2.12. Consider, for each N > 2, a family (M? , X t N (0)) l=1 ...^ N of R x R 2 -valued 
random variables. Assume that the initial chaos assumptions (|2.15[) holds true for some go- For 

each N > 2, consider the unique solution (see Remark \2. 1 11 (iii) ) (Xf (t))i=i N,t>o to \l.l\l . and 

the unique solution (X(t)) t >o to the nonlinear SDE (ll.6[) given by Theorem \2.9\ associated to go 
(see Remark \2. 1 11 (ii) ) . Then, the sequence {M.f , (Xf (t))t>o)i=i...,N is (Ai, (X(t))t>o)- chaotic. 
In particular, it implies that if we set 



1 N 

(2.16) Wt N :=^Y, M ? 6 



x*> (t) ' 



then (W^)t>o goes in probability in C([0, oo), M(R 2 )) ; as N — > oo, to the unique weak solution 
{wt)t>o given by Theorem \2.5\ to the vorticity equation 11.2]) starting from wo (see Remark \2.11V 
(ii)). 

Our last result deals with entropic chaos. 

Theorem 2.13. Adopt the same notation and assumptions as in Theorem \2. 12\ and assume fur- 
thermore that \im n H(Gq ) = H{go) (which is the case if Gq = g® ). For t > 0, denote by 
g t £ P(R x R 2 ) the law of (M,X(t)). 
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(i) For all t >0, ((M.f , <^'/ v (t))i=i....,Af is g t -entropically chaotic in the sense that, denoting by 
Gf e P((R x R 2 ) N ) its law, 

(Mi,Xi(t)) -+g t inlaw and H{G^)^H(g t ) as N -> oo. 

(ii) For j = 1, . . . , N, define the j -particle vorticity w^. as the measure on (M. 2 y : 

(2.17) Wj t (dxi, . . . , dxj) := / mi . . . m^Gj \dm\,dx\, . . . ,dm,N,dxN)- 

>/mi,...,m^t!K, x j + l i ■ ■ -,^N £H£ 2 

This measure has a density and for all fixed t > 0, all fixed j > 1, 

(2.18) wft^wf 3 strongly in ^((R 2 )- 7 ') as TV -> oo. 

2.7. Plan of the proof. In Section^ we prove various functional inequalities, showing in partic- 
ular that a Fisher information estimate for the A^-particlcs distribution allow us to control the close 
encounters between particles. Sectionals dedicated to a result in the spirit of Robinson- Ruelle |46j : 
the partial entropy H and partial Fisher information / are affine on mixed states, which implies the 
T-lower semi continuity of both functionals. Precisely, that was proved in |24j for the full entropy 
and Fisher information and here we only present the adaptation necessary in the partial case. In 
Sectional we prove our main estimate: denoting by Gf = _Sf ((M? , Xf(t)), . . . , (M%, X$ (i))), 

VT>0, sup lsup[ J ff(Gf) + M fe (Gf)]+ / I(G?)dt\ < oo 

N>2 [[0,T] Jo J 

and deduce the tightness of our system. We then show that any limit point solves the nonlinear 
S.D.E. in Section [51 and satisfies the a priori condition of Theorem 12.91 We prove our uniqueness 
results (Theorems 12.51 and I2.9|) in Section [7] and conclude the proofs of Theorems 12.121 and 12.131 in 
Section HI 

We close that section with a convention that we shall use in all the sequel. We write G for a 
(large) finite constant and c for a positive constant depending only on a and on all the bounds 
assumed in (|1.5j) . (|2.9[) and (|2.15[) . Their values may change from line to line. All other dependence 
will be indicated in subscript. 

3. Entropy and Fisher information 

In this section, we present a series of results involving the Boltzmann entropy H, the Fisher 
information / and their modified versions H, I. In the sequel of the article, they will provide key 
estimates in order to exploit the regularity of the objects we will deal with. 

The following very classical estimate will be useful in order to get bounds on the system of 
particles in the next section. It also explains why the entropy is well-defined from Pfe((IR 2 ) Ar ) into 
R U {+oo}. See the comments before [24j Lemma 3.1] for the proof. 

Lemma 3.1. For any k, A <S (0, oo), there is a constant Ck \ G R such that for any N > 1, any 
FeP k ((R 2 ) N ) 

H(F)>-Ck,x-XM k (F). 

We next establish some kind of Gagliardo-Nirenberg-Sobolev inequality involving the Fisher 
information. 
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Lemma 3.2. For any f G P(IR~) with finite Fisher information, there holds 

(3.1) Vp e [1, oo), \\f\\LP<*>) < C P Hf) 1 - 1 ^, 

(3.2) V q e [1, 2), || V/|| L9(R2) < C q I(f) 3 / 2 - 1 ^. 

Proof. We start with (|3.2[) . Let q G [1,2) and use the Holder inequality: 

« / /• lY7f|2\ 9/ 2 / /" \ ( 2 -9)/ 2 



l|v/IH,= 



v/ 



V7 



/9/2 < y jv^ (y>/o-«>) ~ =/(/)«/« n/n«3 



i?/(2-9) • 



Denoting by q* = 2q/(2 — q) G [2, oo) the Sobolev exponent associated to q, we have, thanks to a 
standard interpolation inequality and to the Sobolev inequality, 

(3.3) h/iuo,-., = ii/iu,. /a < ii/h^ 9 *- 1 ' ii/niv^ 7 ^- 1 ' < c 9 ii/n^*- 1 ) iiv/Hi*;- 2 ^^- 15 . 

Gathering these two inequalities, it comes 

\\vf\\L,<c q i{f)V> n/ii P'D || v/ii^J-^w-^, 

from which we easily deduce (J3T2]) using that / G P(M 2 ). 

We now verify (|3TT]) . For p G [1, oo), write p = q* /2 = q/(2 - q) with g := 2p/(l + p) G [1, 2) 
and use (|3.3p and 



\L» < C p ||/||^*~ 1) /(/)( 3 / 2 - 1 /9)( 9 --2)/(< ? *-l) i 

from which one easily concludes since / G P(K 2 ). □ 

As a first consequence, we deduce that pairs of particles which law has finite Fisher information 
are not too close in the following sense. 

Lemma 3.3. Consider F G P(R 2 x M 2 ) with finite Fisher information and (X\,X 2 ) a random 
variable with law F. Then for any 7 G (0, 2) and any j3 > 7/2 there exists C 7i ^ so that 

(3.4) E(\X 1 -X 2 \-^)= [ F( - Xl,X2 l d Xl dx 2 < (I(Ff + 1). 

Proof. We introduce the unitary linear transformation 

V (xi,x 2 ) G M 2 $(xi,x 2 ) = -j=(xi -x 2 ,xi +x 2 ) =: (yi,y 2 ). 

v2 

Defining F := F o which is nothing but the law of -^75 (^1 ~ X 2 ,Xi + ^2) and / as the 
first marginal of F (the law of ^(^1 — ^2))- A simple substitution shows that 1(F) = 1(F). 
Furthermore, the super-additivity property of Fisher's information proved in |101 Theorem 3] (the 
factor 2 below is due to our normalized definition of the Fisher information) , see also [24J Lemma 
3.7], implies that 

(3.5) 1(f) < 2 1(F) = 2 1(F). 
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Let /3 € (7/2, 1) be fixed (the case j3 > 1 will then follow immediately). We have 



F(xi,x 2 ) 



2 xK 2 Fl — x 2\ 



dxidx 2 = 2 7 / 2 [ 
Jm 

= V' 2 



< 2 7/2 + 2 7/2 



Vi\ 



dy 



dyidy 2 



m 

i\v\<i M 7 

Using the Holder inequality, that 7//? < 2 and (|3.1[) . we deduce that 



F{xi,X2] 

\xi - x 2 [ 



dxxdx 2 < 2 7/2 + 2 7/2 



\y\ 



l»l<i 



dy. 



\f\ 



< 0^(1 +!(/)"). 

We conclude thanks to (|3.5|) . 

We also need something similar to Lemma 13.21 that can be applied to vorticity measures. 



□ 



Lemma 3.4. Consider a probability measure g on R x R 2 with Supp g c [—-A, -A] x R 2 and define 
the probability measure v and the (signed) measure w on R 2 by 

v(B)= g(dx,dm), w(B) = mg(dx,dm), V5 e S(M 2 ). 

JMxB JMxB 



We have 

(3.6) 

(3.7) 



Vpe [1,00), ||«||lp(r2) + \\w\\lp(rz) < Cp^Ha) 1 1/p > 

Vg6[l,2), \\Vv\\ Lqm + \\Vw\\ Ltm < O^Iigf' 2 - 1 '*. 



Proof. We disintegrate g(dm,dx) = r(dm)f m (dx). For p e [l,oo), using the support condition on 
g, that the L p -norm is convex and (|3.ip (since f m 6 P(R 2 ) for each m £ R), we get 



\W\\ L P 



mr(dm)f m (x) 



<A / r(dm)\\r\\ LP < AC P / r(dm)I{D 1 " 1,p 



Since r G P(R), the Jensen inequality leads us to 



vj\\lv<C PiA / r(dm)I{f m ) 



C P ,Al(g) 



1-1/p 



1-1/p 



The same proof works for u. Finally, (|3.7[) is shown similarly, using (|3.2|) instead of (|3.1 

We end this section with some easy functional estimates. 
Lemma 3.5. Let {w t ) t >o € C([0, 00), M(R 2 )) satisfy VHty . Then 
(3.8) VT>0, Vpe (l,oo), w e i p/(p " 1) ([0,r], J L p (R 2 )) 

and 



□ 



(3.9) 



VT>0, V 7 e(0,2), 



|x — y| 7 1 io a (x) 1 1 w s (y) I dydxds < 00. 
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Proof. The first estimate follows from p. 31) (applied with q = 2p/(l + p) and thus q* = 2p) and 
the fact that w G L°°(0, T; L^R 2 )) (because to G C([0, oo), M(R 2 ))). 

To check the second estimate, consider p > 2/(2 — 7) and observe that for any x G R 2 , by the 
Holder inequality, since "fp/(p— 1) < 2, 

/ |*-lT 7 Mv)|di/< |K|U*> f / \x - y\~^^dy\ < C 1>p \\w s \\ Lv . 

J{\x- y \<\} \J{U-y\<^} / 

Consequently, 

\x - y\~ 1 \w s {x)\\w s {y)\dydx < / \w s (x)\\w s (y)\dydx 

J{\ X -v\>1}Jm? 

+ / \x - y\~ 1 \w s {x)\\w s (y)\dydx 

J{\x-y\<l} 

< \\w s \\ 2 L i + C 7:P \\w s \\ L p\\w s \\ l i. 
We easily conclude using that w G L°°(0, T; L^R 2 )) n L p / (p_1 )([0, T], L P (R 2 )). □ 

4. Many-particle entropy and Fisher information 

We will need a result showing that if the particle distribution of the TV-particle system has a 
uniformly bounded entropy and Fisher information, then any limit point of the associated empirical 
measure has finite entropy and Fisher information. As we will see, such a result is a consequence 
of representation identities for level- 3 junctionals as first proven by Robinson and Ruelle in |46j for 
the entropy in a somewhat different setting. Recently in |24j . that kind of representation identity 
has been extended to the Fisher information. The proof is mainly based on the De Finetti- Hewitt- 
Savage representation theorem [26] [14] (see also [24] and the references therein) together with 
convexity tricks for the entropy, and concentration for the Fisher information. Unfortunately, 
we cannot apply directly the result of [24] due to the additional variable corresponding to the 
circulations of vortices. But the result still holds true and will be stated in the next theorem after 
some necessary definitions. 

For a given r G P(R), we define <SW(r) as the set of probability measures G N G P sym ((Rx R 2 ) w ) 
such that Jm 2 \N G (dmx, dx\, . . . , drriN, dxjy) = r 8N (dmi, . . . , dmjv)- We also denote by S'^r) 
the set of probability measures 7r G P(P(RxR 2 )) supported in {g G P(MxR 2 ) : ^ 2 g(dm, dx) = 
r(dm)}. In addition, Pfc(P(M x R 2 )) will denote the set of probabilities measure it with finite 
moment M k {n) ■= / p(RxR2) M k (g)n(dg) = M k (^l), where m := J p(RxR2) g n(dg) G P(R x R 2 ). 

Theorem 4.1. Let k > and r G P(R) supported in A = [—A, A] for some A > 0. Consider, for 
each N > 2, a probability measure G N G S N (r). For j > I, denote by Gf G P((K x R 2 )- 7 ) the j-th 

marginal of G N . Assume that sup N M k (G^) < 00 and that there exists a compatible sequence (irj) 
of symmetric probability measures on (R x R 2 ) 3 so that G^ — > nj in the weak sense of measures in 
P((M x R 2 y). Denoting by ir G P fc (P(R x R 2 )) the probability measure associated to the sequence 
(jTj) thanks to the De Finetti-Hewitt-Savage theorem, there holds 

(4.1) / H(g)Tr(dg) = supiJ( 7 r J ) < liminf H(G N ), 

JP(Ixl 2 ) j>l N^oo 

as well as 

(4.2) / I(g)n(dg) = sup /fa) < liminf I(G N ). 

JPfKxR 2 ! .7>1 N^ca 
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The Do Finctti-Hcwitt-Savagc theorem asserts that for a sequence (jTj ) of symmetric probability 
on E° , compatible in the sense that the fc-th marginal of TTj is n k for all 1 < k < j, there exists 
a unique probability measure it € P(P(E)) such that ttj = j-p^g^i-x^dg). See for instance [Ml 
Theorem 5.1]. 

Theorem 14. II is an immediate consequence of [24J Lemma 5.6] and of the series of properties on 
the partial entropy and Fisher information functionals that we state in the following lemma. 

Lemma 4.2. Let k > and r E P(R) supported in A = [—A, A] for some A > 0. The partial 
entropy and Fisher information functionals satisfy, with the common notation J = H or I , J = % 
or T, the following properties 

(11) For any j > 1, I : P((A x R 2 ) J ) — > R U {+00} is non-negative, convex, proper and lower 
semi- continuous for the weak convergence. 

(12) For any j > 1, H : P k ((A x R 2 )- 7 ) ->1U {+cxj} is convex, proper, lower semi- continuous 
for the weak convergence and there exists some constant C k € R such that 

P((A x R 2 Y) -> R U {+00}, G^ H{G) + M k/2 (G) + C k 

is lower semi- continuous for the weak convergence and non-negative, 
(ii) For all j>l, all g eP k (Ax R 2 ), J(g® j ) = J{g). 

(Hi) For allGe P k ((AxR 2 ) j ), all£,n with j = i + n , there holds j J(G) > £ J(G e ) +n J(G n ), 
where Gg € P k ((A x R 2 ) f ) stands for the (-marginal of G. 

(iv) The functional J' : P fc (P(„4 x R 2 )) n S^r) -> R U {00} defined by 

J 1 (it) := sup J(7Tj) where ttj := / g®^{dg) 

j>l JP(AxR 2 ) 

is affine in the following sense. For any ir € P k (P(A x R 2 )) and any partition of P k (A x R 2 ) 
by some sets uii, 1 < i < M, such that u>i is an open set in {A x R 2 )\(wi U . . . U uJi-i) for any 
1 < i < M — 1 and ir{uJi) > for any 1 < i < M , defining 

a i: =7r(u; 4 ) and 7* := — l u . n G P k {P(A x R 2 )) 

Cti 

so that 

n = ot\ 7 1 + ... + am 7 M and ct\ + ... + olm = L 

there holds 

J'M=a 1 J'( 1 1 ) + ... + a M J'(j M ). 

Proof of Lemma \4-2\ We only sketch the proof, which is roughly an adaptation to the partial case 
of the proofs of [3H Lemma 5.5] and [MJ Lemma 5.10]. 

Step 1. We first prove point (i). 

Let us first present alternative expressions of the entropy and the Fisher information. For 
G eP k {{AxR 2 y), it holds that 

(4.3) H{G) = - sup (g, log J '\ 

J 0GC c ((^lxM 2 )J) X ' 

with 0^(M,X) := 6 3 (X) = d> exp(— |xi| fc — ... — ), where c chosen so that 6° is a probability, 
where 

H*{4>){M):= j h*{(j){M,X))e i {X)dX 
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and where h*(t) := e* — 1 is the Legcndre transform of h(s) :— s logs — s + 1. The RHS term is 
well-defined in lU {+00} because the function (j> — H*(4>) + log^ is continuous and bounded by 
-C (X) k by below for any G C c (pl x R 2 p). 
We also have, for G G P((-A x R 2 p), 

1 / I iZj 1 2 

(4.4) 7(G) :=- sup (G,-^-div x 

J Veci((^xK 2 )3) 2 j x 4 

Again, the RHS term is well defined in R because the function |-0| 2 /4 — div^ ip is continuous and 
bounded for any ip G C^((A x R 2 ) J ') 2j '. 

As a consequence of the representation formulas (|4.3I) and (|4.4[) we immediately conclude that 
and I are convex, lower semi-continuous and proper so that point (il) and the first part of (i2) 
hold. The lower bound expressed in (i2) is nothing but the result stated in Lemma T3. II 

Step 2. Point (ii) is obvious from (|2"2|) - (|2~3)l . 

Step 3. We now prove (iii). For the partial entropy, we define 

hi := i H(Gi) 

for any G G Pk((A x R 2 )- 7 ) and 1 < i < j, and we just write Gi — Ri Fi instead of the more explicit 
expression G t (dM, dX) = Ri{dM) F t M (X) dX. We then compute 



hj - hi - hj-i = / Gj log Fj - d log Fi- Gj-i log Fj-i 

J(AxR 2 )i J(AxR 2 )i J(AxV)3-* 

= [ Gj [log Fj — log Fi® Fj-i\ 

J(AxM?)i 

= I Rj I F i pogFj - log^ ® F^) 

J Ai J(R 2 )J 

= / Rj I Fi®Fj-i [ulogu-u + i] > 0, 

where we have set u := Fj/(Fi (g) i^—i) and we have used that Fj,Fi CS> Fj-i G P((R 2 ) J ) for any 
given M G R 3 . 

For the partial Fisher information we reproduce the proof of the same super-additivity property 
established for the usual Fisher information in [MJ Lemma 3.7]. We define for any i < j 



iI(Gi)= sup / 

ib£CK(AxR 2 Y) 2i J(J 



(WxGi-^p-Gi 

i)&Cl((AxR 2 Y) 2i J(AxR 2 ) 



where the sup is taken on all ip = (ipi, • ■ • , ipi), with all ip£ : (A x R 2 ) 4 — > R 2 . We then write the 
previous equality for ij and restrict the supremum over all ?/> such that for some i < j: 

• the i first tftg depend only on (x\, . . . , Xj), with the notation = (-01, . . . , ipi), 

• the j — i last ^ depend only on (2:4+1, . . . , Xj), with the notation ip^ 1 = (V>j+i, . . . , 0j). 
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We then have the inequality 

Zj > sup / [ViG ■ i> 1 + Vj-iG ■ - G / — L 



sup / [VjG, ■ - G l 

l^l 2 1 
3-t , J 



+ sup / [Vj-iGj-i-ipj-* -Gj-i 



f--ec c 1 ((ylxi ! )'-) 2 u-) J(^xi 2 y- 

= -)- — i , 

where all the gradients appearing arc only gradients in the X variables. 

Step 3. We first note that as a consequence of (iii) we have (see [211 Lemma 5.5] for details) 
for any tt G P fc (P(„4 x M 2 )) 

(4.5) J'(ir) :=aupJ(TTj) = lim J( 7 r J ). 

j>l j->oo 

We now prove the affine caracter (iv) for the partial entropy H', considering only the case M = 2 
for simplicity. Let us consider A,B£ Pfc(P(_4 x M 2 )) n S'ooi'r), 8 £ (0, 1), and let us introduce the 
disintegration Aj = RjCtj, Bj = Rjft, with Rj = r®- 7 (because both A and B belong to <foo (?"))■ 
Using that s t— > log s is an increasing function and that s *— > s log s is a convex function, we have 

H(6 A, + (1 — B)Bj) = If Rj (8 a, + (1-9) ft) \og(9 a 3 + (1-9) ft) 

> - f Rj {0 ay \og(9 aj) + (1-9) ft log((l - 9) ft)} 

J J(AxR 2 )i 

= 9H(A J ) + (l-9)H(B ] )+^-[9\og9 + (l-9) log(l - 0)] 

> H(9 A 3 + (1 - 9) Bj) + -.[9 \og9 + (1 - 9) log(l - 6)]. 

Passing to the limit j — > oo in the two preceding inequalities and using (|4.5[) . we get 

H'(9 A + (1 - 9) B) > 9V. 1 (A) + (1-8) U'(B) > H'(8A + (1 - 8) B), 

from which the announced affine caracter follows. 

We next prove the affine caracter (iv) for the partial Fisher information. For the sake of 
simplicity we only consider the case when M = 2 and u)\ is a ball. The case when u>i is a 
general open set can be handled in a similar way and the case when M > 3 can be deduced by an 
iterative argument. For some given 7r e Pt(P(R x K 2 )) fl <£oo( r ) which is not a Dirac mass, some 
fi e P fc (K x M 2 ) and some rj e (0, oo) so that 

8 := n(B n ) e (0,1), B n = B(f ljV ) := {p,Wi(p, fi) < v}, 

we define 

A:=±l B ,n, B:=^— e l B ^ 

so that 

A, B e P fe (P(-4 x K 2 )) n S x (r) and tt = 8 A + (1 - 8)B, 
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and we have to prove that 

(4.6) l'(Tr) = 61'(A) + (l-6)l'(B). 

We claim that proceeding as in the proof of |241 Lemma 5.10] we may assume, up to regularization 
by convolution in the X variables, that 



SUp | Vl log 7Tj | + | Vl log Aj\ + I Vl l0gBj| < C < CO, 

J,M,X ^ ' 

where the Vi stands for the gradient in the first position variable only. For any given j > 1, we 
define 

Zi := 6 T(Aj) + (1-6) I(A 3 ) - 1(6 A, + (1-6) Bj), 

and after some calculations, we obtain, using the disintegrations Aj = RjCej and Bj = Rj/3j as 
previously, 

2 



Z, = 6(1 - 6) I R, 



(1 - 9)atj + 6(3 



Vilog 



ft 



< 26(1-6) J Rj {1 _$> +gf}j (|Vi logftf + | Vl loga, 
* 4g(1 -^/^ (1-Z: + P] =W-*cf —6)A 3 +6B 3 



At this stage, the proof follows exactly the one done in j^U Lemma 5.10] which states that the 
same property holds for the full Fisher information. Let us introduce, for any s £ (0, rf) the two 
measures on ~P(A x R 2 ) (which are not necessarily probability measures) 



and let us observe that 



A' := 1 B3 A = -U Bs 7r, A" := l Bv \ Bs A, 



lim / A" (dp) = 0, 

S—^Tj 



by Lebesgue's dominated convergence theorem. By construction, there holds A' + A" = A as well 
as for any j > 1 there holds A'j + A" — Aj with A'j > 0, so that we may write for any e > 



Zj < 46>(1 -6)C j 



BjA'j 



»(j*xR2) (1 _ + 6 A'j 

taking s close enough to r (independently of j). We introduce the notation y = (to, a;) for the 
couple circulation-position, define the distance d(y,y') := min(\y — y'\,l) on R x K 2 and the 
Mongc-Kantorovitch-Wasserstein distance W\ defined on P(R x R 2 ) according to distance d. 
We introduce the real numbers u = and 8 = as we \\ as the set 

B u ■= {Y j = (y u ...,%), Wx(^ , fx) < u} c (R x R 2 )- 7 

which is nothing but the reciprocal image of the ball B u C P(R x R 2 ) by the empirical measure 
map. Using that 



< ~-B 3 1^ + — -A'j 1, 



we get 
(4.7) 
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Using concentration of empirical measures exactly as in Step 3 of the proof of [Ml Lemma 5.11] 
we deduce that 

4C[A k +M k (*)] 1/k , 

3 ~ W> + e ' 

with 7 := 1/(5 + 3/fc). Remark that we have the bound A k + M k (ir) for the full moment in 
z = (m,x) of the probability tt, since the m variable always belongs to A = [—A, A]. Using the 
above estimate and the convexity estimate Zj > 0, we obtain that 

lim Zj = 

from which we conclude using (|4.5[) . □ 

As a consequence of Lemma 14.21 we also have some supcr-additivity inequalities as well as some 
weak lower semi-continuity properties that we will frequently use. 

Corollary 4.3. Let k > and r £ P(R) supported in A = [—A, A] for some A > 0. 

(i) Let G £ $n(t) for some N > 2. For any 1 < j < N, denoting by Gj the j-marginal of G 
and introducing the Euclidian decomposition N = n j + 1, < I < j — 1, there holds 

(4.8) I(Gj) < (1 + ^7) 1(G) < 21(G) and H(G 3 ) < (1 + ^) H(G) + ^ (C k + M k/2 (G t )). 

(ii) Let j > 1 be fixed and ttj £ S^(r). Consider a sequence G N G <ojv( r ) such that G^ ttj 
weakly in P((R x R 2 ) j ) as N oo and sup N M fc (Gf ) < oo. Then 

H(TTj) < liminf ff(G w ) and /(tt,-) < liminf /(G w ). 



Proof of Corollary \4-3\ We start with point (i). Iterating the super-additivity property expressed 
in Lemma T4. 21 (iii) tells us that 



(4.9) £J(G e ) + njJ(Gj) < NJ(G), 

for J = H and ,1 = 1. In the case of the Fisher information (which is non- negative), we deduce 
that njI(Gj) < NI(G) which implies the first assertion in (|4.8[) . For the entropy, f|4.9[) together 
with the non-negativity property IH(G() + £ (M k / 2 (Ge) + Cfc) > established in Lemma T4. 21 (i2) 
imply the last assertion in (|4.l 



We next check (ii). The lower semi-continuity stated in Lemma I4~2l -(i) implies that 

J(7T,) < liminf J(Gf) 

for J = hi and J = I. We conclude using point (i). □ 

5. Main estimates and tightness 

In the whole section, a family Gq € P sym ((B. x IL 2 )^) satisfying (|2.15j) for some k £ (0, 1], some 
A £ (0, oo) and some go £ P(K x M. 2 ) is fixed. The following estimate is central in our proof. 

Proposition 5.1. For N > 2, let (M.f , (0))i=i,...,N be Gq -distributed and consider the unique 
solution (X t N (t)). l=1 ,..., N , t >o to (EZ1). For t > 0, denote by Gf £ P S3/m ((lR x R 2 ) N ) the law of 
(Jvif , Xl* (ty)i=i,...,N ■ There is a constant C = C(o~,k,A) such that for all t>0, 

(5.1) H(G?) + M k (G?) + V -J^ I(G?)ds < H(G») + M k (G$) + Ct. 
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As a consequence, there exists a constant C which depends furthermore on an upper bound on 
H(G$) and M k {G$) so that for all N>2, all t > 0, 

ft 



(5.2) ff(Gf ) < <7(l + i), M fe (Gf) < C(l + t) and / 7(Gf )ds < (7(1 + 1). 

Jo 

Proof. The computations below are formal. To handle a rigorous proof, it suffices to approximate 
the singular kernel K by a smoothed kernel K e enjoying the properties that div K £ = and that 
K £ (x) = K(x) for all |x| > e, which makes all the computations below rigorous. Since (|1.1[) is 
well-posed thanks to Osada [35] (see Theorem I2.10[) and since the functionals , H and I are 
lower semi-continuous for the weak convergence, it is not hard to conclude to (|5.1[) (with only an 
inequality now). 

Step 1. Denoting by X = (x 1; . . . , xjy) and M = (mi, . . . , mjy), we disintegrate G^ (dM, dX) as 



R?(dM)F t N ' M (dX)tmd we observe that F t ' is nothing but the conditional law of (X^ (t))j=i 
knowing that (.Mf = M. We also observe that R^(dM) = Rq (dM), because the cir- 
culations M.f do not depend on time. Conditionally on (Aif)i = i n = M, (X^(t), . . . ,X^(t)) 

solves 

1 

(5.3) Vi = l,...,N, Xl f (t)=X i (0) + —J2J m j K ( X i f ( s )- X f( s )) ds + (7B i( t )- 



Applying the Ito formula to compute the conditional expectation of <p(X^ (t), . . . , X$ (t)) knowing 
that (Mf) i= i N = M, we get, for any tp € C^((R 2 ) N ), any t > 0, 



(5.4) ± / <p(X)F t N ' M (dX) = I 



I A x(f (X). 

J(m. 2 ) N 



F t N ' M (dX) 



Consequently (recall that div K ~ 0), F N ' AI is a weak solution to 

(5.5) d t F t N > M (X) + 1 £ mj K{ Xi -x 3 )- V Xi F t N ' M (X) = vA x F t N > M (X). 

Step 2. We easily compute the evolution of the entropy (in the space variable): 
1 



±H(F t N > M ) 



N 



(d t F t N > M (X))(l + log(F t N > M (X))) dX 



4E m J Kixi-x^F^iXXl + logiF^iX^dX 
£ / A x F t N > M (X)(l + \og(F t N ' M (X)))dX. 

iV J(S. 2 ) N 



zy 

Observing that the first term vanishes (because div K = 0) and performing an integration by parts 
on the second term, we immediately and classically deduce that 



(5.6) 



H(F t N ' M ) + v f I(F S N > M ) ds = H(F N < M ), Vt>0. 
Jo 
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Integrating this equality against Ro(dM), we finally get 

(5.7) H(G?) + v [ I(G?)ds = H(Gff), Vi>0. 

Jo 

Step 3. Applying ([51} with ip(X) = (X) k (for which |V x ,<p| < C/N and |Ax¥>| < C because 
k G (0, 1]) and integrating against Rq (dM), we get 

^M fc (Gf) < §t [ B${dM)f F t N ' M (dX)^2\ mj \\K^i-^)\ 



+C f R$(dM) f F t N ' M (dX) 

Jm n J(K 2 ) n 

< CA [ G?(dM,dX)\K(x 1 -x 2 )\ + C. 

J (RxR 2 ) N 



2y 

For the last inequality, we used that R$ (dM)F t N ' M (dX) = Gf (dM, dX) is a symmetric probability 
measure supported in ([—A, A] x R 2 )^. Denoting by G^ 2 the two-marginal of Gf , disintegrating 



Gt 2 (dmi, dx\, dmi, dx 2 ) = rf (dm\, dm2)f t ' u 2 (dx-\ . dx-?) and using Lemma 13731 with 7 = 1 and 
f3 = 2/3, then the Jensen inequality (rf is a probability measure) and finally the definition of I, 
we find 

/ \K(xi-xa)\G?(dM,dX) = [ - i G%(dm 1 ,dm 2 ,dx 1 ,dx 2 ) 

i(Rxl 2 )» J(RxR 2 ) 2 Fl - 352 1 

rf (dmi,dm 2 ) [ -f^' mi ' m2 (dxi,dx 2 ) 

C 



rf(dmx,dm a )(l + /(/^ mi,m8 ) 2/3 ) 
< C + c(J^ 2 r?(dm 1 ,dm 2 )I(f?' mi ' m2 )) ^ 



< C + CI(G%) 2 / 3 . 
Finally, using CorollaryO] we have I(Gg) < 2J(Gf ), so that 

|M fe (Gf ) < G + GJ(Gf ) 2 / 3 < G + ^J(Gf ). 

For the last inequality, we recall that the value of G is allowed to change and we mention that we 
used the inequality Cx 1 ! 3 < C + (v/2)x for all x > 0. Integrating in time, we thus get 

(5.8) M k (Gt) <Ct + M k {G») + V - f I{G?)da. 



Step 4- Summing (|5.7|l and (|5.8[) . we thus find (|5.1[) . This implies the first inequality in f|5 . 2[) by 
positivity of M k and /. Finally, we write 



Jo 



M fc (Gf ) + J / /(Gf )ds < G(l + 1) - H(Gf) < G(l + 1) + M fc (Gf )/2 



by Lemma O (with the choice A = 1/2). Thus M k (G?) + v f* I(Gf)ds < G(l + t) which implies 
the second and third inequalities in (|5.2|) by positivity of and I again. □ 



We can now easily prove the tightness of our particle system. 
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Lemma 5.2. For each N > 2, recall that (Ai^,X i ^(0)),=! n is Gq -distributed and consider 



the unique solution (Xf (t))i=i,...,j\r,t>o t° (HHP • We also set Q N := N 1 J^ i=1 (5 



(Mf, (*«(i)) t > )- 



(%) T/ie /ami/?/ {£((A , 1 Ar (t)) t > ), N > 2} is %fa in P(C([0, oo), R 2 )). 
(mJ The family {C(Q N ),N > 2} is %M mP(P(lx(7([0,oo),I 2 ))). 



Proof. First, point (ii) follows from point (i). Indeed, M.f takes values in the compact set 
[—A, A], so that we deduce from (i) that the family {C(M™ , {Xf(t)) t > ), N > 2} is tight in 
P(Mx C([0, oo), R 2 )). Then (ii) follows from the exchangeability of the system, see [501 Proposi- 
tion 2.2] or [3(3 Lemma 4.5]. 

To prove (i), we have to check that for all r\ > and all T > 0, we can find a compact subset 
JC V , T of C*([0,T],R 2 ) such that sup N ¥[(Xf (t)) t€[0yT] <£ K VtT ] < V- Let thus r\ > be fixed. We 
introduce the random variable Zt '.= sup 0<;j<t<T \aBx(t) - <rBi(s)\/\t - s| 1/3 which is a.s. finite, 
since the paths of B\ are a.s. Holder continuous with index 1/3. Note also that the law of Zt does 
not depend on N. Next, we use the Holder inequality and the fact that a.s., |.Mf | < A for all i 
(recall (|2"7L5|) ) to get, for all < s < t < T, 

ri 



^MfK{X?(u) - Xf{u))di 



A 

N 

A 



JX?(u) 



1/3 ^ 



X, N (u^du 



\X^(u)-Xf(u)\- 3/2 du 



2/3 



<(* 



a/3 



=:U^(t-s)^ 3 . 

All this yields that for all < s < t < T (recall that Xf satisfies the first equation of 

\X»{t) - X?(s)\ < (Z T + U£)(t - s) 1 ' 3 . 
By exchangeability and using Lemma [ 

,N-1 



E[C4 V ] =A + A- 



N 



E[\xF(u) - X? (u)\- 3 ' 2 \du <A + A I{G% 2 )du, 



where G% 2 is the two-marginal of G% . But I(G% 2 ) < 21 (G%) (by Corollary OJ), so that using 
finally Proposition IO E[Ug] <A + CA(1 + T). 

Thus supjv >2 E{U~t} < oo and since Zt is a.s. finite, we can clearly find R > such that 
F[Z T + > R] < 77/2 for all N > 2. We also know by (I2~T5|) that su PAr > 2 E[{Xf(0)) k ] = 
sup 7V>2 M^Gq) < 00, so that there is a > such that sup 7V>2 P[|A' 1 Ar (0)| > a] < n/2. Let now 
JCrj : T be the set of all continuous functions / : [0,T] \-> R 2 with |/(0)| < a and \f(t) — f(s)\ < 
R(t - s) 1 / 3 for all < s < t < T. For all N > 2, we have P^X^ (t)) te[ o,T] ^ A^.t] < P[|^ 1 JV (0)| > 
a] + P[Z T + E/^ > -R] < 77. Since /C^t is a compact subset of C([0, T],R 2 ), this ends the proof. □ 



6. Consistency 

In the whole section, we assume (|2.15j) for some k G (0, 1], some A > and some go £ P(RxR 2 ). 
We define S as the set of all probability measures g <G P(R x C([0, 00), R 2 )) such that g is the 
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law of (Ai, (X(t))t>o) with (X(t))t>o solution to the nonlinear SDE () 1 . 6[) associated with go and 
satisfying (|£t5|> : for g t e P(R x R 2 ) the law of (.M, 



VT>0, / % s )ds < oo. 
Jo 



Proposition 6.1. For each N > 2, let {M.f ,X i (0))i=i,...,N be Gq -distributed and consider 
the unique solution (X^ (t)) i= i N.t>o t° (GUP- Assume that there is a subsequence of Q N := 
N _1 &(M N (x N (t)) t>0 9°i- n 9 i n l aw t° some P(R x C([0, oo), M. 2 ))-valued random variable Q. 
Then Q a.s. belongs to § . 

Proof. We consider a (not relabelled) subsequence of Q N going in law to some Q. We adopt in 
this proof the convention that A"(0) = 0. 

Step 1. Consider the identity maps m : 1 h> I and 7 ; C([0,oo),R 2 ) i-> C([0, 00), R 2 ). Using 
the classical theory of martingale problems, we realize that g belongs to S as soon as 

(a) go (m, 7(D))" 1 = g ; 

(b) setting g t = g o (m,7(£)) _1 , (|2.13l) holds true; 

(c) for all < h < ■ ■ ■ < t k < s < t, all V G C b (R), all tp 1 ,...,(p k e C b (R 2 ), all ip € C b 2 (R 2 ), 
^(d) '■= [ I g{dm 7 dj)g(dm,dj)ij(m) Vl (j tl ) . . .<p k {jt k ) 

filt) - fils) - I mK(-y u - %) ■ Wip(^ u )du - v \ Aip(^ u )du 



= 0. 

Indeed, let (Ai, (X(t))t>o) he ^-distributed. Then (a) implies that (Ai,X(0)) is go-distributed 
and (b) says that the requirement (|2.13|) is fulfilled. Moreover, defining the vorticity w t (B) := 
Jrxr 2 m ^B(x)gt(dm,dx) for all B £ B(M), we see from to (|2.13[) and (|3.7[) that (wt)t>o satisfies 
pT6|) . which implies (|2~4| by Lemma l3~5l Finally, point (c) tells us that for all ip € C 2 (R 2 ), 

<p(X(t))-<p(X(0))- I [ mK(X(s)-%)-W(p(X(s))g(dm,d ; y)ds-iy [ Aip(X(s))ds 
Jo J Jo 

is a martingale. This classically implies the existence of a 2Z?-Brownian motion (B(t)) t >o such 
that 

X(t) = X(0) + J mK{X(s) - %)g(drh, d^)ds + aB(t). 

^From the definition of w t , we see that J mK(X(s) — j s )g(dfh,d ; y) is nothing but J" R2 K(X(s) — 
x)w s (dx). Hence (X(t)) t >o solves (|1.6|) as desired. 

We thus only have to prove that Q a.s. satisfies points (a), (b) and (c). For each t > 0, we set 
Qt = Qo(m,j(t))- 1 . 

Step 2. We know from (|2.15[) that the sequence Gq is f/o-chaotic, which implies that Qq = 
Q N o(m, 7(0)) _1 goes weakly to go in law (and thus in probability since go is deterministic), whence 
<2o = 5o a -s. Hence Q satisfies (a). 

Step 3. Point (b) follows from Theorem l4 . 1 1 and Proposition l5.ll Indeed, recall that G^ is the law 
of {Aif , X^ {t))i = i : ... : N ■ Since the Aif are i.i.d. and ro-distributcd by assumption (|2.15|) and since 
the system is exchangeable, it holds that G^ <E <Sn{ro) for all £ > and ro is supported in [—A, A] 
still by (|2.15j) . Next, Proposition 15.11 implies that sup w>2 M k {Gf ) < 00, which is equivalent, 
by exchangeability, to sup Ar>2 Mk(G^[) < 00. Finally, we know that N -1 X^=i o~(m n x N (t)) goes 
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weakly to Qt in law (by hypothesis), which classically implies (see e.g. Sznitman [5D]) that for all 
j > 1) Gtj goes weakly to n t j, where 7r t := £(Qt) and where TT t j = J*p(]r x r2\ 9®^t{dg)- We thus 
may apply Theorem 14.11 (for each t > 0) and deduce that /p( RxR2 ) I{g)^t{dg) < liminf I(Gf). 
By the Fatou Lemma and by definition of 7r t , this yields 



3 



[ I(Q s )ds = [ [ H(g)7r t (dg)dt < [ liminf /(Gf )dt < liminf / I(G*)dt. 

Jo Jo JP(Rxl 2 ) Jo N Jo 



This last quantity is finite by Proposition 15. 11 so that I(Q s )ds < oo a.s. 

Step 4- From now on, we consider some fixed J- : P(R x C([0, oo),R 2 )) i— >■ R as in point (c). We 
will check that .F(Q) = a.s. and this will end the proof. 

Step 4-1- Here we prove that for all N > 2, 
(6.1) E[(F(Q N )) 2 ] <% 

To this end, we recall that tp € C 2 (R 2 ) is fixed and we apply the ltd formula to for all 

i = 1, . . . , N, (here we use the convention that K(0) = 0) 

Of (t) :=<p(K N (t)) ~ ^ E M ? Si V V>(<*f (*)) ' K(K N (s) ~ #f (s))ds - y jT* Ap(Af ( S ))<fa 

=y>(Af (0)) + a [ Vip(Xl<(s))dBi. 
Jo 

But one easily get convinced that 

JV 



=^ E ^fMO^i)) . . . ^{X»{t k ))[0? (t) - Of( s )] 

i=l 

-E^(^f)^(^(ii))...^(^(t fe )) / V V (Af( U ))dB* u . 



i=l 



Then (|6.1I) follows from some classical stochastic calculus, using that < t\ < ■ ■ ■ < tf. < s < t, 
that tp, (/?!,..., (pk, V</? are bounded and that the Brownian motions B 1 , . . . , B N are independent. 

Step 4-2. Next we introduce, for e € (0,1), the smoothed kernel K e : R 2 n- R defined by 
i4T e (x) = A"(xmax(|x|, e)/|x|). This kernel is continuous, bounded, verifies K £ (x) = K(x) as soon 
as |x| > e and |AT e (x)| < |A'(x)| = \x\ . We also introduce Ts defined as T with K replaced by 
K e . Then one easily checks that g H> ^(g) is continuous and bounded from P(R x C([0, oo), R 2 )) 
to R. Since Q N goes in law to Q, we deduce that for any e g (0, 1), 



E[|J- £ (Q)|]=hmE[|J- £ (Q JV )|]. 
5"iep ^.5. We now prove that for all N > 2, all e G (0, 1), 

E[|^(Q")-^ e (<2")|]<CWS. 
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Using that all the functions (including the derivatives) involved in F arc bounded and that \K e (x)- 
K{x)\ < |s|~ 1 l {0< | ;E | <e} , we get 



(6.2) \F{g)-F e {g)\ <C T J J \m\ J ^(u) - 7(u)| 1 l {0<h(u] _^ {u)l<e} dug(dm 1 d ; y)g(drn 1 d<y) 
<Cj=\fe \ \m\ |7(u) - ^(u)\~ 3/2 l {l(u) ^ (u ^dug(dm,dj)g(dm,d>y). 



Thus 



HQ N ) MQ N )\ < £ 1^1 jf ~ x^uT^du, 



_ /i 



whence by exchangeability (and since |.Mj | < A a.s. for all j by ([2.15[) ), 

EO^Q^)- ^(2^)1] <C?V~e f n*i {u) - X? (u)\~^ 2 ]du. 

Jo 

Denoting by G^ 2 the two-marginal of and using Lemma I3"31 with 7 = 3/2 and /? = 1, we get 

n\F(Q N ) - MQ N )\] < Cf^Te fl{G» 2 )du. 

Jo 

We conclude using Proposition O and that I(G% 2 ) < 21 (G%), see Corollary gU 
Step 4-4- We next check that a.s., 

Vm\F(Q)-MQ)\ = 0- 

Since Q is the limit in law of Q N by assumption and since Supp Q N C [— A, A] x C([0,T],M 2 ) 
a.s. thanks to ([2TT5]) , we deduce that Supp Q C [-A, A] x C([0,T],M 2 ) a.s. Hence Supp Q s C 
[—A, A] x R 2 a.s. for each s > 0. Denote by v s (dx) :— L Q s (dm, dx), we have from Step 3 and 
LemmaEHthat Vw G i 2<? /< 3 «- 2) ([0,T],i«(R 2 )) for all g G [1,2) a.s., whence 

r-t r r 

\x — y\~ 3 ^ 2 v s (dx)v s (dy)ds < oo 



a.s. by Lemma l3~5l Using now (|6.2j) . we deduce that 

\F(Q) - F e (Q)\ <C r AVe [ f f \x(s) - x(s)\-^ 2 dsQ(drh,dx)Q(dm,dx) 



--CfA^e III \x-y\~ 3/2 v s (dx)v s (dy)ds. 
Jo Jr 2 Jr 2 



The conclusion follows. 

Step 4-5- We finally conclude: for any e <G (0, 1), we write, using Steps 4.1, 4.2 and 4.3, 
n\T(Q)\ A 1] <E[|^ e (C)|] + E[|^(C) - MQ)\ A 1] 

= limE[| T £ (Q N )\] + n\T(Q) T e (Q)\ A 1] 

<limsnpE[\T(Q N )\] + limsn P E[\T(Q N ) - T £ {Q N )\] + E[\T(Q) - T £ (Q)\ Al] 

N N 

<<Wi + E[|.F(g)- F e (Q)\ Al]. 

We now make tend e -> and use that lim e E[| J"(2) - .Fe(Q)| A 1] = thanks to Step 4.4 by 
dominated convergence. Consequently, E[|J r (Q)| A 1] = 0, whence J-(Q) = a.s. as desired. □ 
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7. WELL-POSEDNESS FOR THE LIMIT EQUATION AND ITS STOCHASTIC PATHS 

We first give the 

Proof of Theorem \2.5\ First, existence follows from Proposition ^. II Let wq satisfy (|1.5[) . introduce 
go satisfying (|2.9p such that (|2.10[) holds true as in Rcmark l2.6l -(n) and finally consider set Gq := 
gf N , which satisfies (|2.15|) . Then Proposition 16 . 1 1 implies the existence (in law) of a solution to the 
nonlinear SDE 11.61 associated to go and such that (|2.13[) holds true. Defining (wt)t>o by (|2.12p . 
Remark 12.81 implies that (wt)t>o is a weak solution starting from wq to (|1.2[) . Furthermore, we 
have seen in the proof of Proposition 16. 11 Step 1, that (wt)t>o satisfies (|2.6j) . 

We now turn to uniqueness and renormalization, which we prove in several steps. We consider 
a weak solution (w t )t>o of (|1.2p satisfying (|2 .6[) and we put K(t,x) := (K *wt)(x). 

Step 1. First Estimates. Because of (|2.6[) . we know that a.e. in time, w s is a measurable 
function, and thanks to the M([0, T], IR 2 )-weak continuity assumption, we deduce that 

(7.1) weL oo {0,T;L 1 (R 2 )) VT > 0. 
Also observe that (|2 .6[) and (|7.1j) imply, thanks to Lemma 13751 that 

(7.2) w e IfK p - 1 '>(0,T;IJ'(R 2 )) V p e (1, oo), V T > 0, 

By definition of K and by the Hardy-Littlcwood-Sobolev inequality (of which a particular case is 
ll/ R 2 \--y\~ 1 f(y)dy\\ L 2p/&-p) < C p \\f\\ LP for allp G (1,2), see e.g. [HI Theorem 4.3]), we thus get 

(7.3) K e L p ^ p -^(0,T;L 2p / {2 - p) (R 2 )) Vp e (1, 2), V T > 0. 
Similarly, ((2.6[) and the Hardy-Littlewood-Sobolev inequality imply that 

(7.4) W x K = K*(W x w)€L p / ( - p - 1 \0,T;L p {M 2 )) Vpe(2,oo), V T > 0. 

Step 2. Continuity. Consider a mollifier sequence (p n ) on R 2 and introduce the mollified 
function wj l := w t * p n . Clearly, w n € C([0, oo), L 1 (R 2 )). Using (|772^l and ([774]) . a variant of the 
commutation Lemma |16l Lemma II. 1 and Remark 4] tells us that 

(7.5) d t w n -K-V x w n -uA x w n = r n , 
with 

r" := (K ■ V x w) *p n -K- X7 x w" ^ in L\0, T; Lj oc (R 2 )). 

The important point here is that \V X K\ \u)\ € L 1 ((0, T) x M 2 ), thanks to ((7741 and (|772|) . Remark 
that the singularity of the Biot-Savard kernel is sharp for that property : it will no longer be true 
if we increase the singularity. It is the first time that this happens, all we have done before remains 
valid for a singularity like |x| -7 with 7 G (0, 2). 

As a consequence, the chain rule applied to the smooth w n reads 

(7.6) d t /3(w n ) - K ■ V x p{w n ) + vA x /3(w n ) - vp"{w n ) \V x w n \ 2 + p'{w n )r n , 

for any (3 G C 1 (M) n W,'°°(M) such that j3" is piecewise continuous and vanishes outside of a 
compact set. Because the equation (|7.5[) with K fixed is linear, the difference w n ' k := w n — w k 
satisfies ((775]) with r" replaced by r"' fc := r" - r fe ->• in L 1 (0, T; ^(M 2 ) and then also ((77JJ (with 
again m" and r" changed in ?x; n '' i: and r n ' k ). In that last equation, we choose (3(s) = /?i(s) where 
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Pm{s) = s 2 /2 for \s\ < M, (3m(s) = M \s\— M 2 /2 for \s\ > M and we obtain for any non-negative 
X G C 2 (R d ), 

Px{w n ' k {t,x))x{x)dx < [ f3 1 (w n > k (0,x)) x (x)dx+ [ [ \r n ' k (s,x)\ X (x) dxds 



+ [ [ p 1 (w n > k (s,x))(vA X (x)-K(s,x)-Vx(x))dxds 



where we have used that div^ K = 0, that \f3[\ < 1 and that /3" > 0. Because ivq <G L 1 , we have 
w n ' k (0) — > in i 1 (R 2 ), and we deduce from the previous inequality, the convergence r n ' k — > 
in ^(O^L^QR 2 )), the convergence Pi{w n > k )K -> in L x (0, T; L} oc (R 2 )) (because /3i(s) < \s\, 
because w"-' ^ in L 3 (0, T, L 3 / 2 (R 2 )) by ([72]) with p = 3/2 and since K € L 6 (0, T; L 3 (R 2 )) C 
L 3 / 2 (0,T;L 3 (R 2 )) by ([731) with p = 6/5), that 



te[o,T] 



sup / /3i(w"'' c (t,a;))x(x)dx — > 



n,k— ^oo 



Since x is arbitrary, we deduce that there exists w € C([0, oo); Lj oc (R 2 )) so that u>™ — > w in 
C([0, oo); Lj oc (M. 2 )), with the topology of uniform convergence on any compact subset in time. 
Together with the convergence w n — > w in C([0, oo); M(M 2 )) we deduce that w = w and with the 
same convention for the notion of convergence on [0, oo) 

(7.7) w n ^w in C([0,oo);i 1 (R 2 )). 

Step 3. Additional estimates. We come back to (|7.6[) . which implies, for all < to < t\, a U 

X G C 2 (R 2 ), 

(7.8) [_J(w?J X dx + v [ 1 [_J"(w^\V x w^\ 2 X dxds= [(3(w? o ) x dx 

dxds. 



1 / {/?'«) r™ x + /?«) ^A X - /?«) K ■ V X } 



Choosing < x G C 2 (R 2 ) and /3 e C^R) n Wf ' c °°(R) such that /?" is non-negative and vanishes 
outside of a compact set, and passing to the limit asn->oo (see Step 2 for the details of a similar 
convergence), we get 

(3(w tl ) xdx < / (3{w to ) xdx + / / P(w s ) <vA X - K ■'Vxfdxds. 

il 2 Jt JR 2 L J 

It is not hard to deduce, by approximating x = 1 by a well-chosen sequence X Ri using that 
Ito ^R 2 l Ws ( a; )l^{M>fi'}^ a; c l eai "ly tends to as R — > oo and that (3 is sublinear, that 

(3{w t )dx< / (3(w to )dx Vt>t Q >0. 
Jm 2 

Finally, letting (3(s) — > \s\ p /p and then p — > oo, we get 

(7.9) IK*,-)lk" < lk(*o,-)lk". v P e [i,co], vt>t >o. 

Taking now (3 — /3m in (|7.8p . we have 

Mw^xdx + u f [ l{\ w n\< M} \V x w^\ 2 xdxd8= f l3 M (w? )xdx 

Jt it 2 " JR 2 

1 / {P'mW) r n X + MO )3mK) X • V x} dxds, 
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Similarly as above we first make tend n — > oo, then we approximate \ = 1 by a well-chosen 
sequence XR an d make tend R — ¥ oo, and finally we take the limit as M oo: this yields 

(7.10) / w^dx + v ( [ \V x w s \ 2 dxds < [ w 2 tQ dx Vti > t > 0. 

Je 2 Jt JR 2 JK 2 

Using ([7T2"]) . (|73|) and (j77TU|) . we deduce that for all < i < T, 

(7.11) V>G [l,oo), iuG L°°(to,T;i p (R 2 )) and V^u; € L 2 ((t ,T) x R 2 ). 

It is easily checked, using the Holder inequality, that | j-Kt J | < C(||u>i|| £ i + ||w;t|| L 3). Hence, 
K G L°°(to, T; L°°(R 2 )). We thus have 

(7.12) a t w + A x w = K ■ V x w G L 2 ((t ,T) x R 2 ), Vt > 

so that the maximal regularity of the heat equation in L 2 -spaces (see Theorem X.ll stated in [6] 
and the quoted reference) provides the bound 

(7.13) w G L 2 {t a ,T;H 2 (R 2 ))r\L oo {t ,T;H 1 (R 2 )), Vi > 0. 

We emphasize that starting form the bound K ■ Vu> G L 2 (L 2 ((to , T) x R 2 ) and when wt G H 1 , the 
maximal regularity implies the above bound on the time interval [to, oo). But thanks to (|7.11[) . we 
can find to arbitrarily close to such that w to /2 G H , and this implies that (|7. 13|) is correct for 
any to > 0. 

Thanks to (|7.13[) . an interpolation inequality and the Sobolev inequality, we deduce that V ' x w G 
LP((t ,T) x R 2 ) for any 1 < p < oo, whence K ■ V ' x w G LP((t ,T) x R 2 ), for all t > 0. Then 
the maximal regularity of the heat equation in L p -spaces (see Theorem X.12 stated in [B] and the 
quoted references) provides the bound 

(7.14) dtw^xW G L p ((t a ,T) x R 2 ), V< > 

and then the Morrey inequality implies w G C°' a ((to, T) x R 2 ) for any < a < 1, and any to > 0. 
All together we conclude with 

w G C([0, T); L J (R 2 )) n C((0, T); ^(R 2 )), 

which is nothing but (|2.7p . 



Step 4. Uniqueness. At this stage, we thus have shown that any weak solution to (|1.2p satisfying 
(|2.6p meets the assumptions of [7] (which improves, thanks to very quick but smart arguments, 
the uniqueness result stated in [31 Theorem B]). Such a solution is thus unique. 

Step 5. Rcnormalization. We end the proof by showing (pTg|) . Let thus (3 G C X (R) n ^'^(R) 
such that j3" is piecewise continuous and vanishes outside of a compact set. Thanks to (|7.1ip . we 
can pass to the limit in the similar identity as (|7.8p obtained for time dependent test functions 
X G C 2 ([0,oo) x R 2 ) and we get 



(7.15) v I / p"(w s )\V x w s \ 2 X dxds= / ^K) X & 

Jt Jk 2 Jk. 2 

+ [ f p(w 8 ){vAx-K-Vx-dtx\dxds. 
Jto Jk 2 l j 

When moreover x ^ and /?" > 0, we can pass to the limit to — > thanks to monotonous 
convergence in the first term, the continuity property (|7.7P in the second term and the Lebesgue 
dominated convergence theorem in the third term (recall that f3 is sublinear and that | w| (1 + 
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\K\) belongs to L^O, T; L^R)) because w £ L 3 (0,T; L 3 / 2 (R 2 )) by 
£ 6 (0,T;L 3 (R 2 )) C L 3 / 2 (0, T; L 3 (R 2 )) by with p = 6/5) and we get 



with p = 3/2 and A' £ 



(7.16) 



P"{w s ) \W x w s \ xdxds= / /3(w )xdx 



/?K){^A X 



With the new bound on the first term provided by (|7.16p . we can pass to the limit as to ~ ^ in 
()7.15|) and get (|7.16p for arbitrary test functions x an( i renormalizing functions f3 (i.e. without the 
assumptions that x an d P" are non- negative). This is nothing but (|2.8[) in the distributional sense. 
□ 

We now turn to the well-posedness of the nonlinear SDE f| 1 . G[) . 



Proof of Theorem ] 2. {ft Let thus go satisfy (|2.9[) . Here again, Proposition 16. II (e.g. with the choice 
Gq = gf N ) shows the existence (in law) of a solution to the nonlinear SDE (|1.6[) such that (|2.13l) 
holds true. Defining (wt)t>a by (|2.12[) . Remark 12.81 implies that (w t )t>o is a weak solution to 
()1.2[) . Furthermore, we have seen in the proof of Proposition 16.11 Step 1, that (wt)t>o satisfies 
(|2.6p . Hence (wt)t>o is uniquely determined by Theorem 12.51 We will check below the pathwisc 
uniqueness for the linear equation 



(7.17) 



X(t) = X(Q) 



K s {X(s))ds + aB u 



where K s = K*w s - This will end the proof. Indeed, pathwisc uniqueness for (|1.6|) will immediately 
follow (consider two solutions X, y to (|1.6j) associated to the same Brownian motion B and the 
same (M.,X(Q)), observe that both satisfy (|7.17p with the same Brownian motion, so that they 
coincide) . Now existence in law and pathwise uniqueness classically imply strong existence by the 
Yamada-Watanabe theorem [52] . 

For the weak uniqueness to (|7.17p . wc might refer to [T7| which assume that K £ L 2 x loc . For 
the pathwise uniqueness to (|7.17p . wc might use [29], who assume that K £ i 1 ([0, T], W 1,1 (M 2 )). 
But we shall give here an alternative proof for pathwise uniqueness, which is well-suited to our 
initial (entropic) distribution. We adapt to our context the method of [13| concerning deterministic 
ODEs with low regularity vector-field. 



We thus assume that we have two solutions X and y to (17.171) with the same Brownian motion 
B, the same value of (.M, A'(O)) and the same vector-field A. Then, obviously, 



x(t)-y(t)= / (K s (x{ s ))-K s (y( s )))ds, 

Jo 



so that for any S > 0, 



io g (s + \x(t)-y(t)\) <io g s + 



\K s (X(s)) - K s (y(s))\ 



ds 



and thus 



E 



\og(S+ sup \X(s)-y(s)\) 

Q<s<t 



< log S 



o s + \x( s )-y(s)\ 

K 3 (X(s)) - K s (y(s))\ 



6 + \X(s)-y{s)\ 



<ls. 



We will use the following facts: for a measurable function / on I 2 , define the Hardy-Littlewood 
maximal function M f(x) = sup r>0 |i? r (a;)| _1 J B ^ \f(y)\dy, where B r (x) is the ball centered at x 
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with radius r. Then, for a.e. x, y £ R 2 , see [TJ Corollary 4.3 with a = 0] 

(7.18) \f(x) - f(y)\ < C [MVf(x) + MVf(y)} \x - y\ 
and for all p £ [1, oo], see [48) Theorem 1 in Chapter 1], 

(7.19) \\Mf\\ L P < C p \\f\\ p , VpG[l,oo]. 
Using (|7.18p . we obtain 



E 



log(<5 + sup \X(s)-y(s)\) 

0<s<t 



< 



logS + C f E[\MV m K s {X(s)) + MV x K s (y(s))\] ds. 
Jo 



Denoting now by v 1 (resp. v 2 ) the law of X(t) (resp. y(t)), we remember that (|2 . 1 3[) (which is 
assumed for both solutions) and Lemma 13.41 imply that for i = 1, 2 

(7.20) Vpe[l,+oo), vieW/<*- l \[0,T\,I?(R 2 )). 

Using (|7T2U)) with p = 3/2, (|7TT^)) and the estimate ([T5]) with p = 3, 



E [MV^ s (^(s))] ds 



o Jw. 2 



MV x K s (x)v]{x)dx 



< 



[ \\MW x K 3 \\ L 4vl\\ L 3,2ds 
Jo 

f ||V ;c /? s || i 3||W s 1 || L 3 / 2ds 

Jo 



< C 

< C||V :c ^|| i 3/2 (: [ 0jt ] ji 3( R 2))||w 1 || i 3([ t ] L 3/2( R 2)) <00. 

Handling the same computation for y, we get that 



log(<J+ sup \X(s)-y(s)\) 

0<s<t 



<\ogS + C t , 



where the constant Ct is independent of 5. From that and the fact that u i— > \ogu is increasing, 
setting Z t := sup 0<s<t \X(s) — y(s)\, we can estimate for any e > 



\Z t >e) logCl + e^-^+log^ 



= P(Z t < e) log S + P(Z t > e) Iog(<J + , 

= ^{l{ Zt <e} log 5 + l{ Zt >e} \0g(S + e] 

< E(\og{5 + Z t ) 



< \ogS + C t . 



We have proved 



Ci 



»(sup \X{s)-y{s)\>e)<- 
o<s<t log(l + ed x ) 



Letting <5 — > 0, we obtain P(sup 0<;j<( |A"(s) — 3^(s)| > e) = 0. Pathwise uniqueness is proved. 

It remains to prove (|2~14|) . We denote by g t £ P(MxR 2 ) the law of (M , X(t)) andbyu; t £ M(R 2 ) 
the associated vorticity, see (|2.12l) . Since (M., (X(t)) t >o) has been obtained by passing to the limit 
in the particle system (jl.lj) . we deduce from Theorem 12. 121 Theorem 14 . 1 1 and Lemma IQl that 



(7.21) 



sup H(g t ) < oo, sup M k (g t ) < oo, 
[o,T] te[o,r] 



I(g s ) ds < oo. 
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We call ro £ P(R) the law of Ai and for m £ R, we denote by / t m the law of X(t) knowing that 
A4 = m. We then have gt(dm,dx) = ro(dm) / t m (dx) for all t > 0. Thanks to Ito calculus, (/ t m )i>o 
clearly belongs to C([0, T]; P(R 2 )) (because £ H> is a.s. continuous) and is a weak solution, 
for m £ R fixed, to 

(7.22) d t f m = vA x f m + K-V x f m 

where K t — K-kw t . Using the definitions of H,Mk, I, we deduce from (|7.21[) that for ro-almost 
every m £ R, for all t > 0, 

(7.23) H(J?) <oo, M fc (/ ( m )<oo, f I(J?) da <oo. 

Jo 

The Fisher information bound in (|7.23|) implies, by Lemma l3.2[ that 

Vx/ ra eL 2,/( ^ _a) (0,T,I/ l (R 2 )) Vge[l,2), VT>0. 

Then we use the same arguments as in the proof of (|2.8p in Theorem [53] (which was entirely based 
on such an estimate plus an estimate saying that (/ t m )t>o belongs to C([0, T]; P(R 2 ))): for any 
t > 0, any /? € C 1 (R) n W,'^°(M.) such that /3" is piecewise continuous and vanishes outside of a 
compact set and any x £ C 2 (K 2 ), 



P(fT)xdx + v ' 



[ I P"{f7)\Vf7\ 2 xdxd S 
Jo ii 2 



PUo)xdx+ / p(f™)ivAx-K s .V X }dxd S . 



Assume now additionally that /3" > and that /3(0) = 0. Considering an increasing sequence 
of uniformly bounded non- negative functions Xfc S C 2 (K 2 ) so that Xfc( 2: ) = 1 f° r M < &j it 
is not hard to deduce that (use the monotonous convergence theorem for the second term, the 
dominated convergence theorem and that |/3(/ t m )| + |/3(/ m )l < C(/t™ + /o") e i 1 ^ 2 ) for thc nr st 
and third terms and finally, for the last term, the dominated convergence theorem and the fact 
that \(3(f m )\(l + \K\) £ L 1 ([0,T] xR 2 ) because X g L 6 (0, T; L 3 (R 2 )) c L 3 / 2 (0, T; L 3 (R 2 )) by (1731) 
with p = 6/5 and because / m € L 3 (0, T; L 3 / 2 (R 2 )) thanks to the Fisher information estimate in 
(|TT2"5|) and Lemma [33] with p = 3/2), 

0(f?)dx + u [ [ P"{f7)\Vf7\ 2 dxds= [ p(ff)dx. 



We apply this with /3 p : M + R defined by /3£(s) := (1/s) l{ se [i/ p , p ]}, /3 P (0) = /3 p (l) = and let 
p — > oo. The second term tends to i/ J Q I(f™)ds as p — > oo by monotonous convergence. The first 
and third terms tend to i?(/ t m ) and H(f™) by monotonous convergence, because < — /3 p (s)l s e[o.i] 
increases to — slogslsg^i] while < /3 P (s) J s e[i.oo) increases to slogsl sg n i00 ). In fact, it can be 
checked that /3 p (s) = sins + (1 — s)/p if s £ [l/p,p]. We finally get 

Jo 

Integrating this equality against ro(dm) leads us to (|2 . 14|) . □ 
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8. Conclusion 

It only remains to put together all the intermediate results. 

Proof of Theorem\KM Let us consider, for each N > 2, a family (Mf , {0))i=i,...,N of K x M 2 - 
valued random variables. Assume that (|2.15l) holds true for some go- For each N > 2, consider the 
unique solution (X t N (i))i=i,...,jv,t>o to (jl.lj) and define Q N := ^ 2fc=i ^(JW^,(^^(t)) t>0 )- As snown 
in LcmmalEl the family {£f(Q N ),N > 2} is tight in P(P(R x C([0, oo)*IR 2 ) ! )). Proposition O 
shows that any (random) limit point Q of this sequence belongs a.s. to S, the set of all probability 
measures g G P(Rx C([0, oo),R 2 )) such that g is the law of (Ai, (X(t)) t >o) with (X(t)) t >o solution 
to the nonlinear SDE jTBJ satisfying that, denoting by g t G P(lxR 2 ) the law of #(£)), (|2~13| 
holds true. But Theorem 12.91 implies that S is reduced to one point S = {g}. All this implies that 
Q N tends in law to g as N — > oo: the sequence (A^f\ ( < ; f i JV (t)) t >o) is {M 1 {X{t)) t >o) -chaotic. 

The last point follows thanks to the fact that all the circulations are bounded by A: we know 
that Q N goes in probability to g, in P(R x C([0, oo), R 2 )). We also know that W N = <f>(Q N ) 
and w = <$>(g), where $ : P(R x C([0, oo), R 2 )) ^ C*([0, oo), M(R 2 )) is defined by {4>{q)) t {B) = 
JrxC([o oo) e 2 ) m ^{i(t)^B} ( l{d'm 1 dj) for all B G B(R 2 ). A slightly tedious but straightforward study 
shows that this map is continuous on the subset of all q G P(R x C([0, oo), R 2 )) such that supp 
q C [— A, A] x C([0, oo), R 2 ). The conclusion follows, since both Q N and g a.s. belong to this 
subset by pTT5|) . □ 

Finally, we give the proof of Theorem l2.13l on entropy chaos and strong convergence by adapting 
a trick introduced in |38j for the Boltzmann equation. 

Proof of Theorem WM Recall that Gf stands for the law of (Mf,Af (4))^,...^, that g t is the 
law of (M., X(t)), that we assume ([2~15]) and additionally that Y\m N H{G^) = H(g Q ). 

Point (i). It readily follows from Theorem 12.121 that for each t > 0, is ^i-chaotic (in 
the sense of Kac) so that in particular, (Ai^ , Xf^ (t)) goes in law to gt- It remains to prove that 
lirri/v H{G^) = H(g t ). We first recall that from (|5.7p and the remark at the beginning of the proof 
of Proposition [5H] 



whence 



Vt>0, H{Gf) + u f I(G?)ds<H(G$), 
Jo 

limsup{iT(Gf ) + v f I{G^)ds} < limsup H(G$) = H{g )- 

N Jo N 



On the other hand, applying Theorem 14.11 (see Step 3 of the proof of Proposition 16.11 for similar 
considerations), we get 

]hn.MH(G?)>H(g t ), liminf f I(G")ds>[ I(g a )ds. 
N N Jo ' Jo 

Using that H{g t ) + v f Q I(g s ) ds = H(g ) by (|2.14[) . we easily conclude that for all t > 0, 

limiT(Gf ) = H(gt), lim f I(G?) ds = [ I(g s ) ds 
" "Jo Jo 

as desired. 



Point (ii). Denote by ro the law of J\4, recall that ro is supported in A = [—A, A] and that the 

?y the j-th marginal of Gf 



are i.i.d. and ro-distributed. For j = 1, . . . , N, we denote by G^ the j-th. marginal of G^ 
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(that is, the law of (M?,X i N (t)) i= i,...j), and by F t f M the law of (#f(i)) j= i i knowing that 

{■M^)i=\,...,j = M for any given M € A 3 . Then we have the disintegration formula G^(dM, dX) = 
r® j (dM)F t f M (dX). We also disintegrate g t (dm,dx) = r {dm)f t m (dx). 

Using first Corollary 14.31 (since G^ — > gf 3 weakly as TV — > oo because is ^t-chaotic and 
since swp N Mk(G^) < oo) and then that limjv H(G^) = H(g t ) by Step 1, we have, for any j > 1, 

H(gf j ) < liminf ff(Gf )limsuptf(Gf ) = H(g t ) = H(gf 3 ), 

N N 

so that, for any j > 1, H(G%) -> H{gf 3 ). 
Introducing artificially 



Q%(dM,dX)=rf j (dM) (ji^W + i^ 



gf 3 (dM,dX) 



(here we use the notation X = (x\, . . . ,Xj) and M = (mi, . . . ,mj)), it obviously holds that 
goes weakly to gf 3 so that by lower semi- continuity, liminfAr H(Q^ 

limsu Pjv hH(G%) + \H{gf) H(Q%) 



lim sup 

N 



< 0, whence, by convexity of H , 
= 0. 



Using the disintegration formulae and the definition of _ff , this rewrites 

JK3 L i=i i=i 

By the strict convexity of s i— > s logs, this classically implies, see for instance [S] (all this can 
be rewritten as the integral against r® 3 (dM)dX of a non-negative function), that from any (not 
relabelled) subsequence we can extract a (not relabelled) such that 

i 

(8.1) F t f M (X) -> / t m *(^) for rjp-a.e.M € M J , Lebesgue-a.e. X e (M. 2 ) 3 . 



On the other hand, the estimate established in Proposition 15.11 together with Lemma 13.11 and 



Corollary fU imply that C k + M k (G%) + H(G£) < 2(C k + M k {Gf) + H(G?)) < C, which 



rewrites 

ViV>l / {(X) k + log F t f M (X))F t f M (X)rf j (dM)dX < C. 

J(AxM. 2 y 

The Dunford-Pettis theorem thus implies that 

(8.2) F t f M ( X ) is weakly compact in L 1 ({A x M 2 ) 3 ;r® j (dM)dX). 

It is then a well-known application of the Egorov theorem that (|8.1[) and (|8.2[) imply that 

j 

F t f M (X) strongly in L x ((,4 x R 2 ) 3 ; rf j (dM)dX). 

i=l 

We immediately deduce that u;$(X) = mi . . . mjF^' M '(X)rf j (dM) goes strongly in L 1 ((R 2 ) j ) 
to tof j (X) = j R] mi . . . mj (IlLi J > sinc e A is compact. □ 
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